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A derivative constrained Capon estimator using an integrated mode vector (DECCIM)

suitable for automotive radar is proposed. The DECCIM estimates the angular spread (AS) and direction-

of-arrival (DOA) of a reflected signal composed of several element waves reflected simultaneously from

an object. The method uses an integrated mode vector in which the AS is considered and includes within its

constraint condition the derivative of the integrated mode vector. The estimation performance of the method

is demonstrated via some numerical examples. When the element waves all have phases of 0 degrees and

the SNR is greater than 20 dB, the estimation errors of the AS and DOA are less than 1.0 degree. The standard

deviations of the AS and DOA are less than 1.5 degrees. In the case of a larger aperture sensor array, a lower

SNR can be effectively estimated. Furthermore, when the phase of each element wave is given at random,

the estimation errors of the AS and DOA are almost equivalent to the results obtained for a constant phase

of 0 degrees. The potential of the DECCIM method for practical application is demonstrated.
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1. Introduction

Recently, automotive radar has been studied and

developed for use in ACC systems or collision

mitigation systems.
(1-4)

An indispensable function of

any radar system is to detect the relative range,

velocity, and direction of an object. In collision

mitigation or avoidance systems, it is additionally

important to estimate the width of the detected object.

The reflected signal which an automotive radar

receives consists of element waves reflected from

several different points on the object.
(5)

This is because

the shape of the object is complex unlike a plane or a

sphere.

Hence, multi- or scanning-beam radars with high

resolution in the azimuth direction are proposed as a

technique to estimate the width of an object.
(6)

These

radars obtain several reflected waves as the object

image. However, it may be difficult to obtain suitable

signals from mounted vehicles even if the radars use

super-resolution techniques such as MUSIC (Multiple

Signal Classification) method.
(7)

To obtain high

resolution the radars require a large array aperture with

many sensors. In addition, the signal processing time

will increase as the number of element waves

increases.

We propose a derivative constrained Capon estimator

using an integrated mode vector (DECCIM) as a

suitable method for automotive radar, and demonstrate

the performance of DECCIM via some numerical

examples.
(8)

The DECCIM method estimates the

angular spread (AS) and direction-of-arrival (DOA) of

a reflected signal composed of several element waves

reflected simultaneously from the object. In the Capon

method
(9)

it is unnecessary to know the number of

reflected waves, and its calculation cost is lower than

other super-resolution methods. Furthermore, the

constraint condition of the method can be extended

easily. The DECCIM method utilizes an integrated

mode vector in which AS is considered, and includes

within the constraint condition the derivative of the

integrated mode vector.

2. Problem Formulation

Figure 1 shows a model of the reflected signal and

the uniform linear sensor array. Let us consider the

reflected signal composed of M element waves

reflected from an object, and an array comprising K
sensors with a sensor spacing of d. Each element wave

belonging to the reflected signal is fully correlated with

the others. θm and Am denote the DOA and complex

amplitude of the m-th element wave, respectively. The

AS and DOA of the reflected signal are represented by
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Δθ and θ, respectively, that is

Δθ = θM – θ1, (θ1 < θ2 < · · · < θM).

· · · · · · · · · · · · · · · (1)

In this case, the array output vector x(t) in the presence

of additive noise n(t) can be written as

, · · · · · · · · · · · · · (2)

, · · · · · · · · (3)

,  (k = 1,2,· · ·, K)

· · · · · · · · · · · · · · · (4)

where ao(θ) and superscript T denote the mode vector

of the array in the direction θ, and the transpose,

respectively. It is assumed that the amplitude and phase

are constant for the measurement duration due to a

small snapshot number. When the several element

waves are densely distributed, the summation in Eq. 2

is approximated by an integral equation, given as

,  z = θm – θ· · · · · · · · · · · · · · · · · (5)
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where V(z) is a function which expresses the complex

amplitude distribution of the element waves in angle,

while V(z) satisfies

· · · · · · · · · · · · · · · · · · · · (6)

Therefore, we make use of the following definition for

the integrated array mode vector:

· · · · · · · · · · · · · · · (7)

, · · · · (8)

where λ denotes the wavelength of the reflected signal

and we assume the directional pattern of each sensor

is omni-directional. Furthermore, when we assume

we obtain the following equation:

.

· · · · · · · · · · · · · · · (9)

Though we can define various functions for V(z), we

use here a raised triangular form, as shown in Fig. 2,

in which the phase of V(z) is 0 degrees (constant). This

is because we take into account the amplitude

distribution of the element waves as obtained by

experimental results
(5)

and can execute the integral of

Eq. 9 analytically. In Fig. 2, fr is bounded by 0 ≤ fr ≤ 1.
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Fig. 2 Angular distribution of amplitude of V(z).

(0 ≤ fr ≤ 1)
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Hence,

,

. · · · · · · · · · · (10)

Using the above definitions, the formulation of the

DECCIM is described as follows:

                                                                                  

· · · · · · · · · · · · · · (11)

· · · · · · · · · · · · · · (12)

where superscript H and * denote the conjugate

transpose and the conjugate, respectively. w is the

weight vector and Rxx represents the covariance matrix

of the array output vector x(t). Pout is the power of the

combined output signal. The integrated mode vector

a(θ, Δθ) is applied to the original Capon estimator. The

constraint condition includes the derivative of a(θ, Δθ).

The directivity of the sensor array at the constraint

direction can be obtained at an extreme value by using

the derivative of a(θ, Δθ). With this DECCIM, a null

cannot be formed against element waves in the vicinity

of the constraint direction. As a result, the DECCIM

estimates the AS and DOA by finding the maximum

values of the multidimensional spatial spectrum Pdeccim
with respect to θ and Δθ:

. · · · · · · · (13)

The DECCIM performs poorly when coherent or

highly correlated signals are present. In order to

improve the estimation performance, forward/

backward spatial smoothing processing (F/B SSP) 
(10)

is applied to preprocess the array covariance matrix.

Then, we obtain the smoothed covariance matrix

, · · · · · (14)
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the backward covariance matrix, respectively. In addition,

,

· · · · · · · · · · · · · · (15)

where bij represents an element of the i-th row and j-th

column of matrix B. The smoothed covariance matrix

is used in Eqs. 11~13 instead of Rxx.

3. Simulation Results

For the simulations, a uniform linear array consisting

of 12 sensors with half-wavelength sensor spacing is

utilized. The parameters of the simulation are

presented in Table 1. The amplitude distribution of the

element waves is a raised triangle ( fr = 0.5 in Fig. 2),

and the phases of all element waves are constant at 0

degrees. Figure 3 shows the DECCIM spectrum,

Pdeccim, obtained from Eq. 13. The peaks of the

spectrum indicate the estimated results for the AS and

DOA of the detected reflected signal. As can be seen,

the two reflected signals are detected separately. The

estimated results for the AS and DOA are 3.2 degrees

and 0.1 degrees, respectively, of the first signal and 6.0

degrees and 30.1 degrees, respectively, for the second

signal.

Next, the basic performance is confirmed when the

number of reflected signals is one. The true AS and
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Number of sensors (K) 12

Sensor spacing (d) 0.5 wavelengths

Length of subarray (Ks) 6

Direction-of-arrival of #1 0 degrees

Angular spread of #1 3 degrees

Number of element waves of #1 10

SNR of #1 100 dB

Direction-of-arrival of #2 30 degrees

Angular spread of #2 6 degrees

Number of element waves of #2 15

SNR of #2 90 dB

Angular distribution of 

Phase of each element wave 0 degrees

( )zV 5.0=rf

Table 1 Parameters used in simulation.



DOA are 0 degrees and 3 degrees, respectively. The

location of the sensor array and the angular distribution

V(z) are the same as given in Table 1. In addition, 100

independent trials were conducted to obtain the

average and standard deviation for the AS and DOA

estimates because thermal noise influences the

accuracy of the estimation. The number of snapshots

in each trial is one. Figure 4 illustrates the average and

standard deviation as a function of the signal-to-noise

ratio (SNR). We define the estimation error as the
difference between the true value and the average

of the estimated result. Note that in the case of low

noise the DECCIM method shows good performance.

When the SNR is greater than 20 dB, the estimation

errors for both the AS and DOA are less than 1.0

degree and the standard deviations are less than 1.5

degrees. When the SNR is 50 dB, the standard

deviations of the AS and DOA are less than 0.2

degrees. On the other hand, Fig. 5 shows the case in

which the number of sensors K is 24, and the length of

the subarray Ks is 12. It is easy to see that the

estimation errors and standard deviations of the AS and

DOA are improved when the noise level is high. When

the SNR is 20 dB, the error and standard deviation are

less than 0.3 degrees and 0.5 degrees, respectively. As

a result, the DECCIM needs a larger array aperture to

improve the estimation error and standard deviation of

the AS and DOA. The array aperture is 12 wavelengths

in Fig. 5.

Furthermore, we consider the case in which the

phase of each element wave is given at random.

Figure 6 shows the simulation result as a function of

the SNR of the reflected signal. The parameters of the

simulation are the same as those in Fig. 4 with the

4
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Fig. 4 Variation of the estimated AS and DOA with SNR.

Parameters: number of sensors (K) = 12, phase of

each element wave = 0 degrees, number of trials = 100.

-2

0

2

4

6

8

0 20 40 60 80 100

SNR (dB)

A
ve

ra
ge

 (d
eg

)

AS
DOA

0

1

2

3

4

5

0 20 40 60 80 100

S
ta

nd
ar

d 
de

vi
at

io
n 

(d
eg

)

AS
DOA

SNR (dB)

Fig. 5 Variation of the estimated AS and DOA with SNR.

Parameters: number of sensors (K) = 24, phase of

element waves = 0 degrees, number of trials = 100.

Fig. 3 Estimated results from DECCIM algorithm. Two

signals are present in the field. The parameters of

the simulation are shown in Table 1.
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Fig. 6 Variation of the estimated AS and DOA with SNR.

Parameters: number of sensors (K) = 12, phase of

element waves is given at random, true AS = 3

degrees, true DOA = 0 degrees, number of trials =

1000.

0

5

10

15

0 1 2 3 4 5 6 7 8
Detected AS (deg)

Fr
eq

ue
nc

y 
di

st
rib

ut
io

n 
(%

)

0

5

10

15

20

-4 -3 -2 -1 0 1 2 3 4

Detected DOA (deg)

Fr
eq

ue
nc

y 
di

st
rib

ut
io

n 
(%

)

Fig. 7 Frequency distribution of estimated results in Fig. 6.

Parameters: true AS = 3 degrees, true DOA = 0

degrees, number of trials = 1000.
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Fig. 8 Variation of estimated AS and DOA with SNR.

Parameters: number of sensors (K) = 24, phase of

element waves is given at random, true AS = 3

degrees, true DOA = 0 degrees, number of trials =

1000.
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Fig. 9 Frequency distribution of estimated results in Fig. 8.

Parameters: true AS = 3 degrees, true DOA = 0

degrees, number of trials = 1000.



exception of the phases of the element waves. The

number of trials is 1000. The results shown in Fig. 6

indicate that the estimation errors of the AS and DOA

are almost equal to those obtained in Fig. 4. However,

the standard deviations of the AS and DOA deteriorate.

For example, when the SNR is 50 dB, the standard

deviations of the AS and DOA are 1.2 degrees and 0.7

degrees, respectively.

Figure 7 illustrates the frequency distribution of the

estimated AS and DOA results in Fig. 6 when the SNR

is 100 dB. Note that the frequency distribution peaks

at around the true value. Consequently, the DECCIM

method is robust to influences from the variance in

phase of the element waves, as indicated by the

average of the estimated AS and DOA values shown

in Fig. 6, which are almost same as those in Fig. 4. This

performance is important because the DECCIM

method cannot determine the true phase of each

element wave in the real environment. However, the

DECCIM provides estimates which vary widely

around the peak. In particular, the relative frequency

at which the estimated AS is less than 0.2 degrees is 5.4%.

It is significant to reduce this value in the next study.

Finally, Fig. 8 shows the estimated results for the

case in which the number of sensors K is 24 when the

phase of each element wave is given at random. The

parameters of the simulation are the same as those in

Fig. 6 except for the number of sensors. In addition,

Fig. 9 represents the frequency distribution of the

estimated results of the AS and DOA in Fig. 8 when

the SNR is 100 dB. As a result, both the estimation

errors and standard deviations of the AS and DOA are

improved to the level obtained when the phase of each

element wave was kept constant.

4. Conclusion

We have demonstrated that the DECCIM method can

estimate the AS and DOA of a reflected signal

composed of several element waves. When the phases

of all element waves are constant at 0 degrees and the

SNR is greater than 20 dB, the estimation errors of

both the AS and DOA are less than 1.0 degree and the

standard deviations are less than 1.5 degrees. In the

case of a larger aperture sensor array, similar results

can be obtained for a lower SNR. Furthermore, when

the phase of each element wave is given at random, the

estimation errors of the AS and DOA are almost

equivalent to those obtained compared when the phase

is kept constant at 0 degrees. These results demonstrate

the practical potential of the DECCIM method in real-

world applications.
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