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Vehicle Running Stability Analysisand Spin Control

Eiichi Ono, Shun'ichi Doi
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Abstract

The instability of avehiclein a state of spin is explained by the notion of saddle-node bifurcation, the
characteristic of which has a close connection with perturbations of cornering force. The control law for a
direct yaw moment control system to protect a vehicle from spin is designed through LMI (Linear Matrix
Inequality) approach. The designed controller satisfies a constant scaling H” norm condition for an
arbitrary velocity in some specified range; this guarantees that the control robustly stabilizes the vehicle
and protectsit from spin in the presence of perturbations of cornering force. The result is examined
through computer simulations.
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Fig. 1  Equivalent cornering characteristics.
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low friction road.
O : stable equilibrium point
® : saddle-points

15

bbb ooboooobooooo
gobobooooooboboooobobooo
vbobooobobooobobgoobooboooo
uooooooobooobbooobbobgoo
gbobooobobooobobooobooooo
gooooooobobooobbooobbooo
uoboooooobobooobbooobboogo
oboboooboboooboboobooooo
OOoo00oo0oo00ooOOobOoP@oobOoDbOoDbOo
uoooooooboooobbuooobboon
vbobooobobooobobooboboooon
oboobooooobobooobbooobbooo
gboooooogoo

S+pB+9=0 pOOOOOOOOOO00@O)
Ooo0o

* * 2 * 2 *
I e S
nmv v

' OooOoOo@)

0.2

Sideslip Angle 3 [rad]
0

N
o .

-0.02 0 002 0.04

-0.06 -0.04
Front Steer Angle 8+ [rad]

o< . . . .
ﬁ o
=, Counter Steer
>
i5)
(]
T
>
-
> O

006 004 -002 0 002 004 006

Front Steer Angle 6+ [rad]
Fig. 3  Bifurcation diagram of the vehicle traveling
on alow friction road.
(solid: stable equilibrium point,
dashed: unstable equilibrium points)

0000000 R&DOOIODODOVol. 32 No. 1 (1997.3)



16

2 * % * *
_(af +a,) €t &G _aiC —aG
q= > - 0oa()
ml v [,

O0O00c¢t ¢*000000000000000
000000000000000000OFig. 4
000000000000 0000000000
Op,q00000000(), (500000000
0000000000000000000000
000000000000 0000000000
000000q000000000000000
000000000000 000000000
00000q<00

. rn\/zaf Cf*

G < mvzar +(af +af)2Cf*

0Doooooo(s)

goboooobooboooobbooobboon
gbbooobboooobbuooobbood
obooboobobobeuboobooboooo
gobobooooooobooooobooboooon
goboboooooobobooooobobboooon
gbobooboooooboboboobobonbog

o
—
ol
ol
o
< r ///—\\\
~bo -‘/// \\\\__»_______
-0.08 -0.04 0 0.04 0.08
Sideslip Angle B8 [rad]
Q —
(V]
ot /—\
—
= Or /s AN
oL // \\\
= = e
Q . ) . ) I
v -0.08 -0.04 0 0.04 0.08

gogboobooobobobooobboooboboo
ggbooooobooboooobbooobboo
goboooboobooo

goboogpoobgoobooo

gooboboooobboboooobobboo
gogbooooobboooobbooooboboon
00000000 00D0DOO0O0OD Direct Yaw
MomentU U O OO DODOODOOOOOOOOODO
ggbooooobooboooobbooooboboo
goobooobobbooobboooboboo
gogboboooobobobooobbooooboboo
gowMigoooooooooo

oo ooboboobboooboooobg
goobobooooobooboooobobboo
ggbobooobboboooobbooobboo
goboobooobobbooobboooboboo
gogbobooooboobooooboboooobooboo
gooboooobbooobobooooboo
goboobooobbbooooboboooboboo
gogboooooboobooobbooobboo
goood

Fe =_Cf(1+WfAf)af 0000000000(@)

F=-¢(l+WaA)a, poooooooooe)

O0D0D0c, ¢000D000000O0D0D0O0000
000000 (¢=890x 10° ¢ =4.35x 10°)0 W,
woOoOO00o0Oo00o0Do0ooooooooooon
000000 (W=05W,=126)04,A0000
D00D000 (-1<4,4A4<1)000000000
D0000000000D0000000D000O
D0000000000D0000000D0000
D00000000000000000D00O00O
00000v000000r000000000
oooo

Sidedip Angle 3 [rad]

Fig. 4  Coefficients of characteristic equation.
sz+ pS+qg=0

0000000 R&DOODODOOV. 32 No.1 (1997.3)

x = A(Vy)x + B Az + B &; +Byu

z=C(vy)x + D;J;

0000 ()

oooooooooonbao)



goog

AW = A + Ay

O _Ci+6 _&C—a6 O
0 -1 J m m U
= =0
& 0 of & 0 & Cr — &G _af20f+ar20rg
B I I, B
0 ¢ ¢ O oct O
O o 00 O 0o 0O
m m m
= = B; =
SIS R A Y
gl I, © gl, g
W Wras 01 W O
Clv, )= , D¢ =
)28y -waBy P THok
vy O @¢ 00
X = A=
" Ho af

0000uwO00O0000 (000 )0vwO000O
00000z00O0OOO0OO0OOO0OOO0OO0O0O0O00
(000)OOoOO

000 0000000000000
0000000000000 00000000
0000000000000 00000000
0000000000000000000000
000000000000 0000000000

G(w)

K(v) [

Fig. 5 Vehicle system with perturbations.

17

O0-1<A<1-1<A<100000(9), (1000
0000000000000000000000
0000000000000(9), (1000000
000000O0KwvOOOOODOOoOoO0oooO
0000000000AADD00CCOO Fig. 50
00000000000000000O0Fg. 500
00 G(v)O

X= AV )X +BW+BU 5o ngnnooa

z=C(v)x 00000000000000(12)
0000000000000000000000
000O00000&=000000000000
0000000 00000000000000
0o00o00oooooo
00000000 :Fg 5000000000
0000000000000 000000w
00z00O0O0O0OO0OO0OO0DO0OHDDDO1
00000000000000000000
0oooo
0000000000000000000000
O0ODO0OO0Fg. 60000000000000H"
0000000000000000000000
000000000000000Fg. 60000
G,(v,)0I

>

o o
o P o

aw

G (%)

K(Vx) .

Fig. 6  Augmented system.

0000000 R&DOODODOOV. 32 No.1 (1997.3)



18

x = AV )x +Bw, +Bu 00000000 (13)

z,=Cy(W)X OCDODODDOODODOO@
0000
B, =[B, 0.001(B)],

o) -F)S

gobooooobboooobobooobboon
gobooobooooboooobooobooobboon
gbobooobbooooobbooobboon
O0OFg. 60vOOODOOOOOODODDOOO
UoboobDoooonoobDbooooobw,00z,
00000000000H 0000100000
gooooobooboooobbooobboon
ooooooowMIiDOOOOOoOogr 4o

X=xT>0, "M(v),

[\N(vx):diag[wl(vx) w; (V) w3(vx)], wi (v ) >0,

Fig. 7  Parameter range of a polytope LPV.

0000000 R&DOODODOOV. 32 No.1 (1997.3)

%w+gm+@x+gmf XC,T %M%
0 C,X W 0 [<O
o WB,," o -wi

000000015

00000000vwO0OO0O0@500000X
(00000000 )OMWWOWY) (000000
00000000000000)000000
0000000000000 O0O0000

00000000000 (16)

O00000D0Do0oDoDOo0o0dOw,00z000000
O0000H 0000100000000 0wd
O0z0OOOOOOOOOOWOOOO1000
O00oooooooooooooo
O00O00AV), C(y)OOOoDoooooon
v, VIDOODOOOOODOODODOOOOOOOO
O LPV (Linear Parameter Varying) D OO0 OO0 00O
Oo000d (Fig. 700 )0

Alvy) = 8 (w)A+6(v) A+ 8(M)A 0000 (17)
Ca(V) = B1(W)CL+ B2(w)C2 + B5(W)Cs 0 1 01 (18)

goog

Alzﬁhvlwv—ll,Az = AV w%f\s =Av +Adv—12,

W Wiag |:|1 W Was Dl
=gy -Wap G=G=gv -Wag,
HO 200 §° 0O 200 7

o) =027 o)=Y gy )1 g(v,)- By,

Vo (Vo = vg) Ty

0000 6y(vy), 6y, 65(v) 000 O v, Ovy, Vo]0
oooOo

61(v)20, 6,(v)=0, 6(v,)=0,



Bl(vx) + 92(VX) + 93(vx) =1

oo00ooooooooo@soooooooo
O00Ooobo0oOoKv)UDOFg. 7000O00OO
ggboooooobboooowMmMIigoobbogo
goboooooo

X =xT>0, "M,

W o=diagwy  wo Wy, Wy, Wy, Wy,> 0,

%X+ B,M, +(AX +B,M)" XC,T BlaV\{B

0 C,i X -W 0 [<O0
. WB," o -wiH
(i=1,23)

00000019

goooooooooooooooooo
K(Vx)zel(vx)Kl"'QZ(Vx)KZ+83(VX)K3 0000 (20)

0000
K, = M X7t

000000000v, =1[m/s, v, = 60 [m/s]0 O
0 0 (19)0 LMIO Gahinetd "°°°°°0 000000
0000000000000000000000

Go(V)

&—> vehicle
—= Dynamics| +

K(vi)

Fig. 8 Control system structure.

19

0000000000000000000000
000000000000 000Fig. 80000
000000000000 0000000000
Gv )0 ODOODOODOOODODOOx, 0000
0000000000000 00p000000
0000000000000000

goboobooobooobobod

0000000000000 00000000
0000000000000000000000
000000 Direct Yaw MomentD D 00000
000000000000 0000000000
000000000000000000000
ABSOOOODOOODOOOOOO (02)0000
0000

0000000000
0O020m/0 00000 100Nm000000
000000010 00.02rad0J 000000
000000000000000000 Fig. 90
000000000000 0000000000
0000000000000000000000
O000000000000000000000
(1-2[g)000000000000000000
0000000000000000000000
00000000000 00000000000
0000000000000 (0000 )000
0000000000000000000000
0000000000000000000000
0000000000000000000000
0000000 (28[g)00000000000
000000000000 0000000000
0000000000000000000000
0000000000000000000000
0000000000000000000000
0000000000000000000000
0000000000000000000000
0000000000000000000000
0000000000000000000000
000000000000000000(), (8)
0000000000000000000000
00000000 0pw000000000000
000000000000 00p 0000000

0000000 R&DOODODOOV. 32 No.1 (1997.3)



20

00000000Fig. 100000 30[m/s]0 0 O
15[s]00000.05[rad]0 34000000000
0000000000000 000000000
000000000000 00p 0000000
0000000000000000000000
0000000000000 000000000
0000000000000000000000
oooooo

000 00000000000

00 20[m/s]0 00000 200Nm]0C 00
SOINmO0 000000000000 100 0.02
rad 00 000000000000000000

O0o0b0DFg. 12000000O00O0O0ODODDO
gogbooooobbooboooobbooobboo
goboboooobobbooobboooboboo
goboooooboboboooobobooooboboo
ggbobooobbobooobbuooobboo
goood

gooogn

20

Vehicle Velocity
v [m/s]
10
Il
!
/
/
/

B [rad]

Sideslip Angle

0.4
\\

Yaw Velocity
r [rad/s|
0.2
\

\

\

\
\

Direct Yaw Moment
[Nm] x10*

0
>

Time[s]

Fig. 9 Step steer responses (0.02 rad) on alow friction road

(Anti-spin).

Solid : With Control

Dashed : Without Control

Doted : Reference Vaue of Yaw Velocity

0000000 R&DOODODOOV. 32 No.1 (1997.3)

0 2 4 6 8 10

gooooboooobboboooobbboo
gogbooooobobooobobooobooboo
gobobooobobbooobboooboboo
gogbooboooobobbooobbooooboboo

Vehicle Velocity
v [m/s]

Sideslip Angle
B [rad]

Yaw Velocity
r [rad/s]

x10*

Direct Yaw Moment
[Nm]

0

1

0

-1

0

-1

1

0

-1

10 20 30

0 2 4 6 8 10
Time[g]
—r—
//
/
,/
—*_/—¥
0 2 4 6 8 10
Time[s]
// \\
\
\
0 2 4 6 8 10
Time[g]

4 6 8
Time[g]

o
N

10

Fig. 10 Sine steer responses (0.05 rad) on a high friction road

(Anti-spin).

Solid : With Control

Dashed : Without Control

Doted : Reference Vaue of Yaw Velocity



0od0ooo0dddooOooooooooooooa
oooooooobooooooooooooa
00000000 Direct Yaw Momentd O 0O O O
odooovOoOOoOOoOooooooLwMIiooao
0000000000 00OdDirect Yaw Moment
0odooodddooDooooooooooood
0o0ooOo0oobooooooooooooa
000000000 o000ooooOoooooo
0odooo0ddoboooooooooooood
0o0ooOoooobooooooboooooooa

Vehicle Velocity
v[m/g]
10 20

0

o
=
o

1

;

B [red]

Sideslip Angle

-1

o
H
o

04

Yaw Velocity
r [rad/s]
0.2

0

1

Direct Y aw Moment
[Nm] 4104
0

-1

o
NE
(o]

Time[s] 10

Fig. 11 Step steer responses (0.02 rad) on alow friction road
(Anti-drift).
Solid : With Control
Dashed : Without Control
Doted : Reference Vaue of Yaw Velocity

21

gbobooboooboooboonobd

goooboooooboboooooobog
uoboooooobooobbooobboon
gboood

good

1) Shibahata, Y., Shimada, K. and Tomari, T.: "The
Improvement of Vehicle Maneuverability by Direct Yaw
Moment Control", Proc. of AVEC'92 (1992), 452[1 457,
JSAE

2)  Abe, M., Ohkubo, N. and Kano, Y. : "Comparison of 4WS
and Direct Yaw Moment Control for Improvement of
Vehicle Handling Performance”, Proc. of AVEC'94 (1994),
15900 164, JSAE

3) 0DO00ODOOOoOoOo:"0ooooooooooootd
00000000000 38-3(1994), 13900 146

4) 0O00:"ooooooo(wMmn)yooooooood
"0000o0o00oo0ooooD1loooooooon
0ooDoooo,@es)oooooooodg

5) Becker, G., Packard, A., Philbrick, D. and Balas, G. :
"Control of Parametrically-Dependent Linear Systems: A
Single Quadratic Lyapunov Approach", Proc. ACC (1993),
279500 2799

6) Gahinet, P. and Apkarian, P.: "A Linear Matrix Inequality
Approach to H” control", Int. J. Robust Nonlinear Contr.,
Vol. 4 (1994), 42101 448

7) Bakker, E., Pacejka, H. B. and Lidner, L. :"A New Tire
Model with an Application in Vehicle Dynamics Studies”,
in Proc. Int. Congress and Exposition, Detroit, M1, (1989),
SAE paper 890087.

8) Hale, J K. and Kogak, H. : "Dynamics and Bifurcations’,
Springer-Verlag, (1991).

9) Desoer, C. A. and Vidyasagar, M. : "Feedback Systems,
Input-Output Properties', Academic Press, (1975)

10) Gahinet, P. and Nemirovskii, A. : General-Purpose LMI
Solvers with Benchmarks, Proc. CDC (1993), 3162[] 3165,
IEEE

11) Nemirovskii, A. and Gahinet, P. : The Projective Method for
Solving Linear Matrix Inequalities, Proc. ACC (1994), 840
0844

0000000 R&DOODODOOV. 32 No.1 (1997.3)



22

goog

000000 Eiichi Ono
00019630 O
goooooooo
gooooodooooooooon
godoobooooooooooooo
oooo
o560 000000000000
ooa
oOoooo

OO0000Shunichi Doi
go0d14r7o0
gboboooooboao
gboboboooobooboobobo

goood
gbobobooooboobobobo

goobooboooogoo

19850 IR1000 0 O O

oEpiooooooooonoo

gooogo

gooood

0000000 R&DOODODOOV. 32 No.1 (1997.3)



