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In sheet metal forming simulations, the widely
used shell elements are assumed to be in the plane
stress state, as defined by the Mindlin-Reissner
theory.  Unfortunately, numerical prediction with
conventional shell elements is not accurate for
bending radiuses that are small relative to the
sheet thickness.  This is mainly because the stress
and strain formulation for a conventional shell
element does not actually reflect reality.  So, to
accurately predict the springback of a sheet with a
severe bend, we have proposed a method for
measuring the through-thickness strain.  The

stress and strain are formulated based on
measured and calculated values for a solid
element, as well as a proposed shell element that
is based on a formulation that has been newly
incorporated into the FEM code.  We have
confirmed the accuracy with which this method
can predict the springback shape of two bending
processes.  As a result, we found that we can
accurately predict the springback shape even after
severe bending.  From the viewpoint of
computation cost, the proposed shell element is
much more effective than a solid element.
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1.  Introduction

Numerical simulations of sheet metal forming
have exhibited huge advances over the past ten years
or so.1-3) They have been applied to the production
of auto body parts and even side panels, which are
the largest parts for which sheet metal is used.
Breakage and wrinkling can be practically evaluated
by sheet metal forming simulations, but the forming
accuracy such as the springback shape is only
partially calculated.  In the future, there will be a
strong demand for commercially viable high-level
simulations capable of shortening vehicle
development times and enabling coordination with
overseas production facilities.

For sheet metal forming simulations, the widely
used shell elements are assumed to be in the plane
stress state, as defined by the Mindlin-Reissner
theory.4) Unfortunately, numerical prediction using
conventional shell elements is not accurate when the
bending radius is small relative to the sheet
thickness.  Rather, parts such as those with design
break lines and hemming, as well as underbody
parts, are more likely to be thought of as being
stamped under conditions that exceed the application
limits of shell elements.  We considered the accuracy
of the springback prediction with conventional shell
elements that are incapable of fully representing the
above-mentioned parts.  The main reason for this is
because the stress and strain formulation of
conventional shell elements does not actually reflect
reality. 

This paper proposes a new measuring method to
confirm the through-thickness shear strain
distribution.  A new shell element is proposed based
on the results obtained from both experiments and
solid FEM simulation.  The newly formulated shell
element is introduced into FEM analysis.  In
addition, the results of calculations using the new
proposed shell element are compared with both the
results of experiments and calculations using the
solid element on models of U- and hat-shaped
bending. 

2.  Formulation of strain 

The through-thickness strain distribution in a bend
was measured to formulate the strain.  A strain

gauge, mark-off line and indentation were used for
the measurements.  The surfaces and edges were
used for the measurement.  For the formulation, it is
necessary to measure the strain distribution at the
center where there is no influence from the stress
state at the edge.  Then, a solid element FEM is used
to consider the measurement method for the
through-thickness strain distribution.  Therefore, we
proposed a new method in which a pin is buried
under a prepared hole, after which the strain is
measured from the deformation (Fig. 1).

2. 1  Measurement method
The pin has a prismatic shape and parallel

rectangular grooves leading up to the surface of the
specimen, which are used for locating after the
deformation (Fig. 2(a)).  The grooves were aligned
parallel with the width edge and buried by copper
plating.  The pin was lightly press-fitted into the
square hole of the specimen, after which the position
of the pinhead was aligned with the surface of the
test piece.  The length of the pin was assumed to be
the initial distance between a neutral plane and the
surface, and was determined by FEM analysis.  The
specimen was cut out in a plane parallel to a width
central section, which included the grooves buried
by plating of the pin, as shown in Fig. 2(b).  The
coordinates of the angular points in the grooves were
measured, and then the change in the through-
thickness direction was determined.  Next, an
across-the-width central section including the center
part of the pin but without the grooves was cut out,
and the through-thickness angle distribution between
the side of the pin and the normal to the neutral
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Fig. 1 Measurement method. (Measurement line is a
location where θ is the most inhomogeneous)



plane was calculated based on the above-mentioned
change in the through-thickness direction (Fig. 2(c)).
Figure 3 shows the measurement results.  If the
bend radius R is 7 or less, then the angle is large at
the center and contradicts the assumption for a
conventional shell element, where the shear strain is
constant in the through-thickness direction. 

2. 2  Formulation
We compared the solid FEM with the results

shown in Fig. 3, and confirmed that the actual
through-thickness strain distribution could be
estimated using the FEM.  Figure 4 shows the
through-thickness shear strain distribution of the
FEM analysis.  The results were approximated by a
quadratic function, and the curves were also plotted.
Based on these results, we can assume the following.
The shear strain actually grows near the center of
thickness, and plastic deformation is caused at the
center even though it does not occur with a
conventional shell element.  In addition, the
unbending force increases because of plastic

deformation near the center of the thickness.
Therefore, we assumed that the formulation whereby
the shear strain rises near the center of thickness was
adequate, and that it is appropriate to assume the
equation quadratic polynomial, which does not need
additional parameters.  We decided to consider the
nonlinearity of the through-thickness shear strain by
applying the following expression.

•  •  •  •  •  •  •  •  •  •  •  •  • (1)

•  •  •  •  •  •  •  •  •  •  •  •  • (2)

3.  Formulation of through-thickness stress

The through-thickness stress is thought to
originate in the contact pressure because the work
bends as a result of continuous contact with the dies
in a common bending process.  On the other hand,
the equilibrium of stress in the work can be

γ θzx y
w
x h

z= ∂
∂

+⎛
⎝⎜

⎞
⎠⎟

−⎛
⎝⎜

⎞
⎠⎟

1 4
2

2

γ θyz x
w
y h

z= ∂
∂

−⎛

⎝
⎜

⎞

⎠
⎟ −⎛

⎝⎜
⎞
⎠⎟

1 4
2

2

49

R&D Review of Toyota CRDL  Vol. 41  No. 3

Bending process
Measurement Z-coordinate of
angular point 

(b) Pin shape after bending (c) Center section of pin

Measurement X-coordinate of at measured 
Z-coordinate

: Angle of line on measured points to 
  normal to neutral plane

(a) Initial pin shape
( 1   1    (1.7    2.1))

Grinding to center section 

Grooves are buried with copper plating

0.09

0.1

0.07

1.7 2.1

0.18 X

Z

Neutral plane

Z

X
Section profile

(unit: mm)

X

Z

(X1, Z1)
(X2, Z2)

Z

X

Line on measured points

Z1
Z2

~

~

Initial distance from inner surface /mm

-2

0

2

4

6

8

10

0 0.5 1 1.5 2

A
ng

le
 b

et
w

ee
n 

in
iti

al
 th

ro
ug

h-
th

ic
kn

es
s d

ire
ct

io
n

an
d 

no
rm

al
 to

 n
eu

tra
l p

la
ne

 
/

R
R=5
R=6
R=7
R=11
R=18
R=29-

Bending radius/mm

R=18
R=29

R=5
R=6
R=7
R=11

Fig. 3 Measurement values of θ.
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Fig. 2 Measurement method for through-thickness shear strain.
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illustrated by the following expression.

•  •  • (3)

The through-thickness stress relates to the bending
stress when the shear stress is disregarded in the
above-mentioned expression.  The through-thickness
stress is believed to be considerable when the
bending stress is large and the bending radius is
small.  These indicate that the through-thickness
stress originates chiefly from the bending
deformation and the contact pressure with the dies.
Hence, the stress can be formulated using the
following expressions.

3. 1  Through-thickness stress from bending
deformation

The next expression has equality based on the
equilibrium of stress in the case of bending
deformation.  Here, σzb is the through-thickness
stress and σx is the hoop stress.

•  •  •  •  •  •  •  •  •  •  •  •  •  •  •  •  • (4)

We assumed that the distribution of σzb was shown
by using this expression and the least square.

3. 2  Through-thickness stress from contact
We assumed that the distribution of the through-

thickness stress caused by the contact (σzc),
according to Reissner's theory, when the sheet is
subject to contact pressure (σp) from the tool can be
illustrated by the following expression (h:
thickness).

•  •  •  •  •  •  •  • (5)

Here, the contact pressure (σp) is assumed to be the
value at which the contact force is divided in the
effective contact area.

4.  Implementation of proposed formulation
in FEM

The main area where the proposed shell element is
introduced to FEM is the flow for calculating the
reaction force from the displacement increment of
the main FEM program.  Figure 5 shows the flow.
It differs from the calculation flow for a conventional
shell element in the following points.  

33 2 2 1 2
4 3 3zc p

z z
h h

⎧ ⎫⎪ ⎪⎛ ⎞∂ = − − +⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭
σσ

∂
∂

= −( )σ σ σzb
x zz r

1

∂
∂

+ −( ) + ∂
∂

+ ∂
∂

+ =σ σ σ τ
θ

τ
θθ

θrr
rr

r zr
rr r r z

F1 1 0

(1) Calculate the contact pressure at the contact 
location and then compute the through-thickness 
stress from contact (σzc) using Eq. (5). 

(2) Calculate the through-thickness stress from the 
bending deformation (σzb) based on the curvature 
radius and the stresses using Eq. (4). 

(3) Calculate stresses that satisfy the yield criteria 
when σz is given.  

The method for introducing the proposed shell
element changes the loop for updating the stress
from displacement, while the rigidity matrix remains
unchanged.  Therefore, it is easy to introduce the
proposed shell element into all the FEM codes.

5.  Results and discussion

The proposed shell element was verified for U-
and hat-shaped bending processes, both of which are
basic bending processes.

5. 1  U-shaped bending process
In this processing, the influence on the springback

angle of the punch shoulder radius was compared.
The specimen was 590 MPa class hot-rolled steel
with a thickness of 4.5 mm.  The work was stamped
by applying back pressure with a pad.  The
springback calculation used a method that considers
the plastic strain dependency of the pseudo-elastic
modulus and Bauschinger effect during the unloading
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Calculate incremental in-plane and out- of-plane strain

Calculate contact pressure at contact location

Calculate curvature radius of element

Calculate using least-square method

Calculate using Equation F(        ,        )

Calculate trial stress and plastic evaluation

Update stress

Calculate reaction force

Start

Return

Fig. 5 Flowchart of numerical algorithm for implicit
integration using proposed shell element.



process, as proposed by several authors.  The results
obtained by calculation were compared with those of
the experiments and are shown in Fig. 6.  The results
were calculated using the proposed shell element,
solid element, and conventional shell element.  It
was found that the accuracy of the proposed shell
element is equal to the solid results without
depending on the punch shoulder radius.  There are
large differences between the results obtained with
the conventional shell element and those with the
solid element when the ratio of the bend radius and
thickness is less than 5.  We confirmed that the
proposed shell element was effective for severe
bending where the ratio of the bend radius and
thickness is less than 5.

5. 2  Hat-shaped bending process
The shoulder radius of the punch and die are some

of the factors that determine the springback shape in
hat-shaped bending.  The radius of the die shoulder
is discussed here.  The specimen was 440 MPa class

hot-rolled steel with a thickness of 2.3 mm.  Figure 7
shows the springback shape when the radius of the
die shoulder is 3 mm as an example of our
calculation results.  The result of our experiments
and the results obtained using the solid element had
little tendency to springback, while the result
obtained with the conventional shell element showed
a spring-go phenomenon different from the others.
On the other hand, the result obtained using the
proposed shell element closely corresponds to the
results obtained with the solid element.  The values
used for the springback evaluation were the opening
distance and the curvature, and are shown in Fig. 8.
The values are compared for three radii of the die
shoulder.  Figure 9 shows the results.  It was found
that the two values obtained using the conventional
shell element differ greatly from the others when
r/t = 1.3.  With the conventional shell element, the
opening distance and curvature are negative and
large, and indicate the spring-go phenomenon.  On

51

R&D Review of Toyota CRDL  Vol. 41  No. 3

Proposed 
shell element
Conventional 
shell element
Experimental
Solid element

Punch width

Fig. 7 Springback shape in 
hat-shaped bending.

Punch

Opening distance

Curvature radius

80

Punch

Curvature radius

80

Fig. 8 Opening distance and
curvature radius.

0
1
2
3
4
5
6
7
8
9

R5 R7 R11 R29

Solid element
Conventional 
shell element

Proposed
shell element

Experimental

Punch radius /mm
5           7               11            29

Sp
rin

gb
ac

k
an

gl
e 

/

0

2

4

6

8
t = 4.5

10

Fig. 6 Springback angle in U-shaped
bending.

1.3 2.2 4.3

O
pe

ni
ng

 d
is

ta
nc

e 
/m

m

0
-2
-4
-6

2
4
6
8

10
12
14

Proposed
shell element

Bending ratio r/t

Solid element

Experimental

Bending ratio r/t
1.3                  2.2                    4.3

C
ur

va
tu

re
 /m

m
-1

0

-1

-2

-3

1

2

3

4
10

-

-3

(a) Opening distance (b) Curvature

Conventional shell elementConventional shell element
Experimental

shell element
Proposed

Solid 
element

Fig. 9 Relationship between bending ratio r/t and springback evaluation values.



the other hand, the results obtained with the
proposed shell element correspond both to those
obtained with the solid element and those obtained
by experimental.  Moreover, the calculation time for
the proposed shell element was about twice that for a
conventional shell element.  On the other hand,
when this object is modeled using a solid element
for high prediction accuracy, the calculation time is
ten times longer than with a conventional shell
element, and it is expected to become several
hundred times longer in the case of actual auto body
parts.  The above-mentioned results suggest that the
accuracy of the springback prediction can be
improved and the increase in calculation time
suppressed when the proposed shell element is
applied to FEM.

6.  Conclusion

To accurately predict the springback of a bent
sheet with a severe bend, a method of measuring the
through-thickness strain has been proposed.  The
stress and strain were formulated based on the
results obtained by measurement and calculation
using a solid element, as well as the proposed shell
element that was based on a formulation that is
newly introduced to the FEM code.  The accuracy of
this method's prediction of the springback shape of
two bent processes has been confirmed.  As a result,
we found that the springback shape can be predicted
with high accuracy even under severe bending.
Moreover, the calculation time with the proposed
shell element is about twice that for a conventional
shell element, and has been shortened to about 1/20
that of a solid element.  In addition, further
shortening to 1/100 or less compared to the time
needed for a solid element is considered possible for
actual auto body parts.  Therefore, the springback
prediction method using the proposed shell element
is useful in die design from the standpoints of
efficiency and accuracy.
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