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BABSTRACTIl This report provides an overview of a proposed scheme for the implementation of
a broad range of different constitutive equations in general-purpose finite element software, which would
help develop multiscale material models. The proposed scheme involves the automatic calculation of
stresses and their corresponding tangent moduli using the incremental variational formulation (IVF) and
the hyper-dual step derivative (HDSD). The IVF recasts inelasticity theory as an equivalent optimization
problem where an incremental effective potential is minimized with respect to various internal variables, e.g.,
damage, plastic deformations, viscosity, or phase transformations. The current stresses and corresponding
tangent moduli can be obtained by differentiating the incremental effective potential with respect to the
current deformation gradient. In this study, the HDSD scheme was applied to automatically compute the
differentiations needed in the IVF. The proposed implementation scheme has a general structure that is
defined such that once the present framework is constructed, any other complicated constitutive equations
can be considered by simply modifying scalar-valued quantities, such as the Helmholtz free energy, the
dissipation potential, and the yield function in the case of plasticity. By applying it to some material models,
the performance of the proposed scheme was demonstrated.

BKEYWORDSII Finite Element Method, Constitutive Equation, Finite Strain Inelasticity,
Incremental Variational Formulation, Hyper-dual Number

1. Introduction

To ensure the safety and reliability of automobiles,
the materials used in vehicles must be investigated
on both macro- and microscopic levels. In this
context, multiscale material modeling has become
an active area of computer-aided engineering and
has been increasingly applied to the estimation
of  macroscopic  properties  from  detailed
microstructures.’? In multiscale material modeling,
especially when the implicit finite element method is
used, the exact calculations of stresses and consistent
algorithmic tangent moduli are essential to obtain
accurate physical results and quadratic convergence,
respectively. Most general-purpose finite element
software provides a user-defined material subroutine
to implement the advanced material models because
they include only a finite number of representative
and classical material models. However, some novel
sophisticated material models result in complex
formulations that can be extremely elaborate and
error-prone. In such cases, the application of numerical
differentiation techniques that can provide robust and

accurate results would be an appealing alternative to
decrease scientific development time.

Recently, a number of numerical differentiation
techniques that can be used to implement various
types of material models have been proposed.®
They are based on the implementation scheme by
Miehe,'” which uses the finite difference (FD) method
to approximate tangent matrices in finite element
formulations. These recently developed techniques
enhance the FD approximation by applying more robust
and accurate numerical differentiation techniques,
such as the complex-step derivative approximation
(CSDA). However, such techniques require analytic
expressions of the stress tensors, which are still
complicated to derive, especially for some advanced
hyperelastic or finite strain inelastic material models.

Therefore, this study focused on developing
aunifying framework to implement general dissipative
material behavior in general-purpose finite element
software; the developed framework is the incremental
variational formulation (IVF), which was originally
proposed by Ortiz and Stainier.'" The IVF requires the
implementation of only scalar functions, such as the

© Toyota Central R&D Labs., Inc. 2016

http://www.tytlabs.com/review/



2 7L R&D Review of Toyota CRDL, Vol.47 No.3 (2016) 1-10

free energy, dissipation potential, and yield law in the
case of elastoplasticity, and it is applicable to a broad
range of inelastic material models. Furthermore, when
scalar functions are implemented within the framework
of the IVF, their thermodynamic consistency is
a priori guaranteed.!>'¥ The main disadvantage of the
proposed formulation is that it requires the tedious
calculation of the higher-order tensor derivatives.
Because the abovementioned CSDA method is
applicable to only first-order derivatives, the hyper-dual
step derivative (HDSD), a higher-order numerical
differentiation scheme proposed by Fike'¥ that uses
hyper-dual numbers (HDNs), was used in this study.
By combining the HDSD with the IVF framework,
a fully automatic scheme for the implementation
of a broad range of different constitutive equations
in general-purpose finite element software was
developed. This report reviews previous reports of
the proposed formulation*'® and demonstrates its
performance by applying it to some material models.

2. Numerical Differentiation Techniques

In this section, the numerical differentiation
schemes used in this report are summarized based on
their application to a simple scalar function f'(x). The
following Taylor series expansion was considered:

2
St b= ) +hf @)+ A0+ 00 (1)

where / denotes a small perturbation and O is
Landau's symbol. The classical FD model is obtained
by neglecting the higher-order terms O (4?) as

frote) = LET L)

(2)
It is well-known that the FD model is very sensitive to
the perturbation value /; a smaller / in Eq. (1) results
in a higher accuracy from a strictly mathematical
viewpoint but also leads to roundoff errors from
a computational viewpoint. To eliminate this undesired
sensitivity, Lyness!” developed the CSDA method. In
the CSDA method, the perturbation is multiplied by
the imaginary unit 7. Replacing /# with ik in Eq. (1)
and taking only the imaginary part of f(x + ik) yields
a different differentiation scheme:

Frspr) = TLEZIL, ®

where J is an operation symbol that represents
taking the imaginary part of the complex argument.
This formulation has no roundoff errors even for
perturbation values as small as # = 107%°.('® However,
it should be noted that the CSDA method is applicable
to only first derivatives, not second or higher-order
derivatives.

The alternative technique of automatic differentiation
(AD), also called algorithmic differentiation, is a set of
techniques that can be used to accurately numerically
compute derivatives of an arbitrary order with
computer precision by repeatedly applying the chain
rule."” Fike!"™ proposed the HDN approach, which
is equivalent with forward AD but more intuitive and
practical, especially for tensor derivatives. The HDNs
of second derivatives have two nilpotent elements ¢,
and ¢, with the properties:

2 _ 2 _
e1 =0, & =0, e1620= g2¢1. (4)

Two HDNs a = (a, + a,e, + ase, + a,6¢,) and
b= (b, + by, + bye, + b,e,6,) were considered, and
a = b was defined if and only if all of their components
are equal, i.e.,ifa,=b,a,=b,,a,=b,and a,=b,. The
operations J;, J;, and J;. denote taking the
coefficients of the nilpotent elements of the HDNs
such that J; [a] := a,, J[a] = a, and T, [a] = a,.
Using the HDNS, Fike!'¥ developed the HDSD method
for a scalar function f'(x) by substituting ke, + he, for h
in Eq. (1). The first derivative f”(x) can be obtained by
taking the coefficient of either ¢, or ¢, as

fI,-IDSD(-x) = 381 [f(x+zgl+ hg2)]

_ Tl fxthe + he,)]
- . ,

)

and the second derivative f"'(x) can be obtained by
taking the coefficient of ¢,¢, as

Fiosolo) = L/ Te)) ©)

Because the expressions given in Egs. (5) and (6) do
not include subtraction or higher-order terms O(4%),
the results do not contain roundoft or truncation errors.

The extension of the HDSD method to higher-order
HDN s is straightforward. As an example, to compute
third-order derivatives, third-order HDNs are required,
meaning three nilpotent elements ¢, ¢, and ¢, are
defined with the properties:
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(7

Analogously, fourth-order derivatives require four
nilpotent elements ¢, ¢,, ¢; and ¢,. An extension of
the above discussion reveals that any nth-order HDN
requires 2" coefficients and accordingly requires
the corresponding computational efforts. In this
report, the operations J;,, Jg, and Jg, of taking the
coefficients of the third- and fourth-order HDNs are
defined as follows. A new number system is defined
with c=c, + c,e; + ce, + c,656, where ¢, (i=1,2, 3, 4)
represents the coefficients in the second-order HDN ¢
as ¢, = ¢, T e, Tepe, Teyueg,ande; e R(j=1,2,3,4).
Then, J¢[c] = c,, Tg[c] = c;and T [c] = ¢,

The above formulations can also be used for
tensorvalued derivatives. Because of limited space,
this report only discusses the application of the HDSD
scheme. As examples of second-order tensors, 4, and
A, were defined as arbitrary second-order tensors on
R? or R®. Then, the directional derivative of a scalar
function z(X) of a second-order tensor argument X in
the directions of A, and A, is given by

62 A1 ng[Z(X+ 81A1+ 82A2)]
Ai: 02 z: Ay = TFoo, [2(X + 141+ €240)] 3

where 0, and %, indicate first and second partial
derivatives with respect to X, respectively.

3. Application of Hyper-dual Step Derivative
Scheme to Calculation of Stress and Tangent
Modulus

The existence of a Helmholtz free energy function
= y(C) or y := y(E) with the right Cauchy-Green
deformation tensor C and the Green-Lagrange strain
tensor E was assumed. The constitutive equation could
then be obtained via i as

oy 6!/1
=_" =97 9
oE oc’ ©)
and
oS Oy oS o’y
== = 2750 =4 , (10
o a5oE "7 %ac *acac 1?

where § is the second Piola-Kirchhoff stress tensor
and C is the material tangent modulus. A new tensor

C" was then defined as
”=%(EI®EJ+EJ®EI), (11)

where E! is Cartesian basis vector in the reference
configuration and the italicized and non-italicized
indices indicate tensor components and tensor
dlrectlons respectlvely Then, by substituting  for z, C
for X, loll for A, and CX' for Bin Eq. (8), the numerical
stress and tangent modulus could be obtained for the
HDSD scheme as

Fuly(C+hge,CV)]

Stipsp = 2 his ’ (12)
LKL — 4 TFoaly (C+hge,C" + hee,CH)] (13)
HDSD hshc ’

where hg and h. are the perturbation values in the
calculation of the stress and tangent modulus,
respectively.

4. Incremental Variational Formulation

The IVF provides a general framework for a broad
range of constitutive equations.!!*” In this formulation,
the effective potential W*T in a given time interval
(¢, t,.,] 1s defined as

VVeff Hlf W(E1+]3 qn+1) (14)

where ¢,,, is the collocation of internal variables at
the current time ¢ ,, and ¢ is the dissipation potential.
Here, the incremental potential energy ¥ is given by

ty+1

W(F, H,q)—t (7 (Forrs )+ 6(q, 4))dt, (15)

n

and its discretized counterpart is given by

W(F,., q,.)=v(F,., q,.,) v, q,)

A
NTIO ﬁ), (16)

where the increment of the internal variable is defined
as Aq =¢q,., — ¢, and is assumed to be constant in the
time increment Az :=¢ ., —t . The minimization problem

given in Eq. (14) is solved using the Newton-Raphson
iterative method, and ¢,,, is obtained by iterating

(m+1) —

gy " = q\ — (07, ™) oW,
m=0,1,2, .., (17)
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until it converges, where (m) denotes the iteration
number in the Newton-Raphson method.

With this updated internal variable g, ,, the stress
P, and corresponding consistent tangent modulus

A ., attime ¢ ,, are computed as

P oo aFnHWeff(Em’ qnﬂ(Fnﬂ)) ’ (18)

n

AHH = f"‘nﬂF,ﬁlWeff(Eﬁl’ qn+1(F:1+1)) : (19)

Note that ¢ ., is a function of the deformation
gradient F, | and derivatives up to at least fourth-order
with respect to F ., and ¢,,, are required to compute
the stresses and tangent moduli via Egs. (17)-(19).
Because the IVF is similar to the hyperelastic
formulation, it is also called “the quasi-hyperelastic
formulation.” The algorithm is summarized in Fig. 1.

5. Numerical Examples

In this section, the performance of the proposed
implementation scheme is demonstrated by applying
it to some numerical examples. This section focuses
on two material models, an anisotropic polyconvex
hyperelastic model proposed by Balzani®" and a finite
strain elastoplastic model using the classical von Mises
yield function including linear isotropic hardening,
which is based on a multiplicative decomposition of the
deformation gradient.?>?® The proposed IVF scheme
(Fig. 1) was implemented in the general-purpose
finite-element  software FEAP, developed by
R. L. Taylor (www.ce.berkeley.edu/projects/feap/).

5.1 Anisotropic Hyperelastic Materials

The anisotropic polyconvex hyperelastic model is
given by

1. Database ¢, and F,., are given.

2. Compute stress and tangent modulus.

Loop over i, j, k, [ = {1, 2, 3}:

2.2 Setm =0 and initialize §";" = ¢,

2.1 Perturb deformation gradient F =F, +tedi+eAs.

2.3 Compute effective stress potential W = inf W and internal variables G

n+l

Loopoverm=0,1, ---:

2.3.1 Compute 8, W" and 02, W™

Loop over r, s = {1, 2, ---dim[¢]}:
2.3. 1.1 Perturb internal variables: § ") = §") + e,;a” + e,a°.
2.3.1.2 Evaluate function: W = W(E,.,, §™
2.3.1.3 Compute first derivative (9, ™), = 3. [,
2.3.1.4 Compute second derivative (aqu/f/(’"))m = :‘f{.}&[ﬁ;(’")].

n+l

n+l /"

2.3.3 Perform Newton update: §

2.3.2 Convergence check: If(HSR[@qW('”)]H< tol) go to 2.4.

n+l

) = gm) — (8‘21‘1 Vf/(m))q aq W*/(m)

ntl

2.4 Calculate stress and tangent modulus:

(Pn+l)ij = Ssl[WEff] and (Anﬂ)ijkl = 3{‘182 [Weff] .

3. Update database ¢,., = R[§,.,]-

Fig. 1 Algorithm for computation of IVF using HDNs.
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_ -1/3 3 ~
y=a(l "=3)ta(+I *-2)

U a a ﬂZ
2 (B =IO =2y, (20)

where the isotropic part describes the ground substance
and the anisotropic part represents the embedded
fibers.@" The material parameters a, >0, a, > 0, a, > 0,
B, >0 and p,> 2 are determined from the least-squares
fitting of the experimental data, and n, shows the
number of fiber families. In Eq. (20), (e) denotes
the Macaulay bracket and [, = tr[C], [, = det[C],
Ji = tr[CM ] and J!* = t[C°M ] are the principal
invariants with the structural tensor M, = a,,, ® 4,
where a4, represents the fiber direction.

For the first investigation, a homogeneous test
was conducted with a specific deformation gradient
F, which includes rotations @, dilation, and shear
deformation F, as

F=QF,withQ=R,R,R, . (21)
In this example, these deformations are defined as

[cost —sinf O]
R, =|sin} cos} 0],
L 0 0 1]
[cos? 0 sin%]
R,= 0 1 0

|- sinf cOS7 |
10 0
R, =| 0 cosf —sinf|,
|0 sing cosg |
[y y
Fo=| 0 09535 7y |, (22)

L 0 0 0.9535

where p implies the amplitude of the shear
deformation. The material parameters were defined
as follows: a, = 1.0, a, = 1.0, a; = 0.1, #, = 1.0 and
B, = 3.0. Additionally, the number of preferred
directions was defined as n, = 2 with a,,, = 1/3(1 2 2)"
and a,, = 1/75(2 1 0)". For the hyperelastic material
models, the minimization problem givenin Eq. (14) was
not considered, because the effective potential is equal
to the strain energy function given by Eq. (20). The
numerical results for the tangent modulus computed
using the FD method, the CSDA method starting with
the stress tensor, and the HDSD method Eq. (13)

starting from the strain energy function Eq. (20)
were compared with an analytically derived tangent
modulus.® The relative error ec was defined as

,,Z,; L((Canalyl)HKL _ (Cappmx)w@)z

ec= [ , 23)
> ((Canalw)uﬁ)z
1.J.K,L
where (C,,,,)"/¥" are the coefficients of the analytic

material tangent modulus and (C__ _ )YXf are their
approximations. Figure 2 shows the accuracy of each
numerical approximation scheme. The FD method
is quite sensitive to the perturbation value and can
obtain an optimal accuracy of ec = 1077 with 2= 1077,
Increasing or decreasing the perturbation value from
this value increases the error. The CSDA approach is
able to achieve an error with computer accuracy at
perturbation values smaller than approximately 107°.
The HDSD error is independent of the perturbation
value and always achieves computer accuracy.

As a second investigation, a Cook-type cantilever
beam was considered, as schematically illustrated in
Fig. 3(a). Here, only one fiber family (n, = 1) with
a, = 1A3 (1 1 1)" was embedded. The material
parameters were set as follows: a, = 6.0, a, = 100.0,
a,=15.0, #,=100.0 and S, = 2.5. The maximum load
p, was increased until the ultimate maximum load of
P, = 5.0 was reached. First, the HDSD scheme with
Egs. (12) and (13) was applied to directly compute
both the stress and tangent modulus from the strain
energy function Eq. (20). Second, the FD scheme was
applied twice as an alternative method of numerically
computing the stress and modulus from Eq. (20).
Third, the analytically derived expression for the

approx

10
o 10*
5
-8

=10 FD ——
2 e CSDA ——
g HDSD ——
gﬁ) 10716

10720

1072 107'¢ 1072 1078 10
Perturbation

Fig.2 Relative errors e, of tangent moduli
approximated using the FD, CSDA,
and HDSD methods.
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stress was used in combination with the tangent
modulus numerically computed using the CSDA
scheme. The resulting Kirchhoff stress distributions 7,,
at the ultimate maximum load p, = 5.0 are shown in
Fig. 3(b). The stress distributions obtained using all of
these numerical differentiation schemes were found to
be very similar to the analytically derived stress and
modulus.

The Euclidean norms of the residuals obtained using
the FD method with different perturbation values
hg and h. and the HDSD schemes with 4 = 1.0 and
h. = 1.0 are given in Table 1. Whereas the HDSD
results yield residuals that are almost equivalent to

Units: mm

(a) Boundary value problem

Fig.3 Description of Cook-type cantilever beam and
resulting deformed configuration with stress
distribution.

(b) Stress distribution

those obtained using an analytic implementation of
the stress and tangent modulus, the FD results differ
by orders of magnitude at all considered perturbation
values, and the quadratic convergence can hardly be
distinguished.

The computational costs of the different numerical
differentiation schemes are compared in Fig. 4. As
expected, the computation time of the FD method is
dependent on the perturbation value and is optimized
at perturbation values of hg = 10 and h. = 107,
The HDSD method is only slightly slower than the
bestperforming FD method and is faster than the FD
method with certain numbers of elements. It is worth

4
%) 350 x Ist,2nd :HDSD —<—
g ’ Ist: analytic,2nd : CSDA —®—
g 3 Ist,2nd : FD with Ao = 100—8—
E Ist,2nd : FD with ho= 1074 %
O 2.5 1st, 2nd : Analytical ---------
3 T
<
é 1.5
o
2 T ——

0.5

0

0 5000 10000

Number of elements

Fig. 4 Comparison of computational times of
different numerical differentiation methods
for Cook-type problem.

Table 1 Euclidean norms of residuals of Cook-type problem obtained using the FD and HDSD schemes.

FD with ;=10

Analytical HDSD
h=10" h=10"° h=10"*

5.4504 x 107! 6.3167 x 10! 6.3167 x 10! 6.3167 x 10! 5.4504 x 107!
1.8568 x 102 9.3803 x 10! 9.0099 x 10! 9.0116 x 10" 1.8568 x 102
1.5341 x 10 2.0612 x 10° 2.4092 x 10° 2.4096 x 10° 1.5341 x 10°
3.4458 x 107 3.2625 x 10° 3.2628 x 10° 3.2630 x 10° 3.4458 x 10°
8.4932 x 1073 6.5687 x 1073 1.4598 x 1072 1.4692 x 102 8.4932 x 107
2.0186 x 107 42600 x 1074 53153 x 10°* 5.7587 x 107* 2.0187 x 107
5.0665 x 107# 2.3998 x 107 2.0946 x 10°° 5.5211 x10° 5.0161 x 10°%

- 2.3392 x10°° 3.3563 x 1077 3.3765 x 1077 -

- 4.2348 x 1077 - - -

- 3.3564 x 1077 - - -
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emphasizing that the optimal perturbation values are
generally unknown, meaning the FD method can
typically be expected to be much slower than the
HDSD method because the optimal perturbation values
are likely not used. Moreover, the HDSD method is
also faster than the CSDA method, although both the
first and second derivatives are calculated numerically
in the HDSD method, whereas the CSDA scheme
requires an analytic expressions for the stress.

5.2 Associative Elastoplastic Material Models at
Finite Strain

In this numerical example, a finite-strain elastoplastic
material model was applied using the von Mises
yield function including exponential isotropic
hardening.?*?» The multiplicative decomposition
F=F¢- F?with det F? =1 of the deformation gradient
F into elastic and plastic parts F° and FP with det
F? =1 and the additive decomposition y = y°¢ + P
of the Helmholtz energy w into elastic and plastic
parts w° and w? were applied in this study. The elastic
response is defined as

e = % [b¢+ b + b + u[ (B + (B + (b)), (24)

where A and u are material parameters and b°,
(4 =1, 2, 3) is the logarithm of the eigenvalue /¢,
of the elastic left Cauchy-Green deformation tensor
be = F°F°" as b°, = log(4°,). The plastic response is
defined as

1 e
yr=yo= 5 (v, —y e+ 5Ho, (25)

where o is an isotropic hardening variable, y_ is the
initial yield strength, y, is the plastic yield strength at
the initialization of linear hardening, # is the degree of
exponential hardening, and H is the slope of
superimposed linear hardening. The collocation set ¢
of the internal variables is defined as

q=[F", a]". (26)
The conjugate internal force vector y of ¢ is

_Oys oy r

- oF o T: {EF”’Z)) } @7

oq

y =

where 2 is the Mandel stress tensor and S is the

thermodynamic conjugate force of a. The dissipation
potential ¢ is defined using the maximum dissipation
principle (MDP) as

g= S0 [X,

(Zn+1, Pu1)€E +1

AL+ B Ad], (28)

where AL? is the constant plastic velocity gradient in
the current time increment and Aa := a,,, — a,. The
elastic domain E is restricted using the yield function
Yas

E:={(Z B)| Y(Z B) =l dev X | —V2/38 <0},(29)

where dev(e) is the deviatoric operator. Through the
use of Karush-Kuhn-Tucker (KKT) conditions, the
inf-sup problem given by Eq. (14) and Eq. (28) can
be rewritten as one parameter minimization problem
using the Lagrange multiplier Ay©@® as

n+12

Wt =inf [w(F,.,. A7) = w(F,) + &yY]
with AyY=0, Y<0, (30)

with the updating
- oY
Fr  =exp (Ayaf)- Fr,
oan:an-i-AygTY- @31

To demonstrate the performance of the proposed
HDSD-based IVF scheme for the finite-strain
elastoplastic model, its application to a statistically
similar representative volume element (SSRVE)
of a dual-phase (DP) steel microstructure was
investigated. The SSRVE depicted in Fig. 5(a),
which is as statistically similar as possible to the
real random microstructure,”” was considered in this
investigation. In this model, the material parameters
in Table 2 were used to represent a ferritic matrix
phase with an embedded martensitic inclusion phase
in a typical DP steel microstructure. The application of
a macroscopic shear deformation F to the SSRVE and
periodic boundary conditions were considered.

The resulting macroscopic stress-strain response and
deformed configurations of the SSRVE with stress
distributions 7,, are depicted in Fig. 6, Figs. 5(b) and
(c), respectively. Both the macro- and microscopic
results depicted in these figures show good agreement
between the proposed HDSD-based implementation
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%jw

(a) Geometry, /=5 um

(b) Standard return mapping

T2 [MPa]

300
275
250
225
200

(¢) IVF with HDSD

Fig.5 Description of SSRVE and deformed configurations obtained using the classical
standard return mapping method and the proposed HDSD-based IVF scheme.

Table 2 Material parameters for individual phases of DP steel microstructure.

A
[MPa]

y() yoo n H

[MPa]  [MPa] [MPa] [-] [MPa]

Matrix (Ferrite)

Inclusion (Martensite)

118,846.2  79,230.77  260.0  580.0 9.0 70.0
118,846.2  79,230.77

1000.0 2750.0 35.0 10.0

240
3
=it
=
= 180
s
7
g 120
a Standard return mapping —=s—
& HDSD-based IVF ——
2 60
5
<
=

0 0 0.01 0.02 0.03 0.04

Macroscopic deformation gradient F,

Fig. 6 Macroscopic stress-strain diagram for simple shear
deformation of SSRVE of DP steel microstructure.

scheme and the classical standard return mapping
scheme. It is worth noting that the proposed
implementation scheme has a general structure that
has been defined such that once the present framework
is constructed, only scalarvalued quantities, such as
the free energy function y and the dissipative function
¢ and the yield function Y, require modification,
even for the consideration of any other complicated
constitutive equations.

6. Conclusion

This report proposed a mnovel scheme for the
implantation of a broad range of constitutive equations
in general-purpose finite element software. The
proposed scheme involves the automatic calculation of
stresses and their corresponding tangent moduli using
an IVF and the HDSD. In the IVF, the unknown internal
variables are determined by solving a minimization
problem that consists of an incrementally defined
potential. The present stresses and corresponding
tangent moduli can be obtained by differentiating
the minimized effective potential with respect to the
present deformation gradient. In this study, the HDSD
scheme was applied to automatically compute the
differentiations needed in the IVF.

The proposed implementation scheme has a general
structure that is defined such that once the present
framework has been constructed, any other
complicated constitutive equations can be considered
by simply modifying scalar-valued quantities, such as
the Helmholtz free energy function, the dissipation
potential, and the additional yield function in the case
of plasticity.

The proposed implementation scheme was
demonstrated to be extremely robust, accurate, and
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userfriendly for any elastic or inelastic material model.
The proposed scheme will be particularly useful in
the scientific development of multiscale material
models, which can be used to help ensure the safety
and reliability of vehicles from a materials science
perspective.
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