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Phase shifters are vital components to improve the efficiency of communication 
systems. We present a theoretical design of an adaptive microwave phase shifter based on a nanomechanical 
resonator. The phase shifter provides an arbitrary phase rotation in the range from −90° to +90° by tuning 
the applied bias voltage. We develop an analytical model to comprehend the underlying mechanism of the 
phase shifter. Further, we propose an antenna array system as an application of the phase shifter. This linear 
array allows angular sensitivity design in terms of the geometrical properties of the cantilevers, i.e., the 
array factor can be tuned by the resonant frequency and the distance between the electrode and the tip of 
the cantilever.  

�Mechanical Resonators, Nanoelectromechanical Systems (NEMS), Phase Shifter, 
Antenna Array, Field Emission Current

been used to manipulate the signal of microwave 
antennas.(15,16) In particular, the angular sensitivity was 
controlled by tuning the vibration frequency of the 
cantilever.(15)

Tunable electric devices such as the adaptive filters, 
phase lock loops, and parametric amplifiers are the 
building blocks of the next generation communication 
systems such as cognitive radios(17) and Internet of 
Things (IoT).(18) Particularly, the phase shifter is  
a key component because it facilitates the tuning of the 
relative phase with a microwave signal (analog signal 
processing), thereby enhancing the performance of the 
communication systems.(19,20) However, miniaturization 
of the modules is a fundamental challenge, particularly 
if the frequencies are in the kHz or MHz range. This 
is because the module size should be comparable to 
the wavelength of the electromagnetic wave. To this 
end, design of nanometer-scale microwave devices 
can reduce the size of the entire system.

In this paper, we present a phase shifter composed of 
a singly clamped CNT mechanical resonator. The bias 
voltage, which causes the emission of current from 
the cantilever tip, is used as a tuning parameter for the 
relative phase. Further, we have developed an analytic 
model to gain physical insights into the underlying 
mechanism of the phase shifter. Furthermore, we have 
theoretically demonstrated that it is possible to achieve 

1. Introduction

Nanomechanical resonators consisting of carbon-based  
membrane and cantilever have garnered increasing 
interest in the field of the nanoelectromechanical 
systems (NEMS) due to their unique attributes, such 
as high quality factor and high modulus of rigidity.(1,2) 
In particular, remarkable efforts have been undertaken 
for the development of microwave and optical devices, 
such as sensors,(3-5) switches,(6-9) and oscillators,(10,11) 
etc. These resonators have demonstrated potential 
application in both fundamental as well as advanced 
technologies including wireless networks(12) and 
computers.(13)

Distinctive advantages of the nanomechanical resonators  
include their applications in parallel processing and  
direct coupling between the electromagnetic/acoustic  
wave and the resonator.(14) For example, the construction  
of a functional radio receiver from a carbon nanotube 
(CNT) cantilever has been reported.(3) Here, mechanical 
vibration was excited by the coupling between the 
incoming radio wave and the charged cantilever. The 
input signals were then detected from the current emitted 
at the tip of the CNT. The reception signal was obtained 
by a parallel processing of the detection, amplification, 
and demodulation via vibration measurements.  
Moreover, the nanomechanical resonators have also 
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charged tip of the cantilever. This tip is subjected 
to a y-directional force Fy = eq due to the Coulomb 
interaction between the induced charge q and electric 
field e. This results in a physical vibration of the 
cantilever. As the current is a function of the mechanical 
vibration, these vibrations can be measured in terms of 
the current ife at the detector, which is subjected to the 
field emission from the cantilever tip. 

The motion of the cantilever tip in the y direction 
can be modeled as the mass-damper-spring system:

,		   (1)

where m, η, and k are the effective mass, damping 
constant, and spring constant of the cantilever, 
respectively. Solving Eq. (1), the steady-state motion 
of the tip can be expressed as y = Adc + Aac exp[j(ωt + ϕ)].  
Here, the dc and ac amplitudes, Adc and Aac, and the 
relative phase, ϕ, are expressed as Adc = qVdc/(kd),  
Aac = qVac/[md (ω2 − ω0

2)2 + (ωω0/Q0)2 ], and  
ϕ = tan−1[Q0(ω0/ω − ω/ω0)], respectively, where  
ω0 =  k/m and Q0 = mω0/η are the angular  
resonant frequency and quality factor, respectively. 
The field emission current is expressed as  
ife(x) = c1SEs

2(x) exp(−c2/Es(x)), where S is the area 
of the emitting surface of CNT and Es is the local 
electric field in the vicinity of this surface.(22) Here,  
c1 = 3.4 × 10−5 A/V2 and c2 = 7.0 × 1010 V/m 
are constants.(3) Using first-order expansion and  
∆x ≈ y2/(2L), the ac component of the field emission 
current can be simplified as Iac exp[j(ωt + ϕ)], where 
Iac = (AdcAac/L)(∂I(∆x)/∂y). Therefore, the response can 
be expressed as h = sout/sin = gIac exp(jϕ), where g is the 
amplification gain at the output of the phase shifter. 
More specifically, the relative phase between the input 
and output signals is arg(h) = ϕ = tan−1[Q0(ω0/ω − ω/ω0)].  
This suggests that the relative phase can be controlled 
by tuning the resonant frequency ω0, which is  
a function of the spring constant k. 

The effective mass and the spring constant can be 
expressed as:(22)

,	  (2a)

.		   (2b)

Notably, the spring constant k is a function of the 
tensile force (Fx) in the x direction, which is applied 

a relative phase shift ranging from −90° to +90° with 
this device. Finally, a linear antenna array is proposed 
as an important application of the phase shifter.

2. Methods

2. 1  Phase shifter

We have recently elucidated the mechanism of  
a phase shifter based on a nanomechanical resonator.(21)  
Figure 1(a) shows a block diagram of the phase shifter, 
where the input signal is denoted as sin. The dynamics 
of the system can be expressed as sout = h(ω)sin,  
where ω, sout, and h(ω) are the angular frequency, 
output signal, and the response of the phase shifter, 
respectively.

Figure 1(b) shows the schematic configuration of 
the proposed phase shifter. CNT cantilever of length 
L is singly clamped on the cathode. A bias voltage 
Vext is applied between the anode and cathode. This 
bias voltage induces a charge q at the tip of the 
cantilever. Voltage ve = Vdc + vac is applied between the 
electrodes A and A′ at a plate distance d, where Vdc and  
vac = sin = Vac exp(jωt) are the dc and ac components, 
respectively. Electric field e (= ve/d) is created at the 

Fig. 1	 Schematic of (a) transmission through the 
phase shifter and (b) a phase shifter based on  
a nanomechanical cantilever.
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a system frontend.
Using the pattern multiplication principle, the angular 

sensitivity P(θ) can be expressed as A(θ)K(θ), where 
A and K are the array factor and the element angular 
sensitivity, respectively. The element sensitivity is 
defined as K(θ) = cos2θ.(23) The amplitude and phase 
of the output signals at each element are governed by 
the geometrical characteristics of CNT cantilever. This 
implies that the array factor A can be appropriately 
designed on the basis of the geometrical characteristics 
of CNT cantilevers. This factor is expressed as

,		   (3a)

,

		  (3b)

, 	  (3c)

where an and Ψn are the amplitude and phase rotation 
of the array factor, respectively. Note that amplitude an 
is normalized with a value I0 to be an = 1 at maximum. 
It is evident from the above equations that an and Ψn 
depend on the mechanical properties of the EM wave 
detector.

3. Results and discussion

3. 1  Tunability of the phase shifter

The tunability of the phase shifter can be assessed by 
observing the variation of phase rotation at different 
bias voltages (Fig. 3). Here, the resonant frequency 
is 90 MHz. It is clear that the relative phase varies 
between −90° to 90°. Inset of Fig. 3 shows the 
variation of the spring constant with bias voltage. This 
indicates that both the phase of the input signal sin and 
the variation of the spring constant can be controlled 
with the bias voltage.

We analyzed the bandwidth of phase shifter to 
gain further insights. Figure 4(a) shows that the 
bandwidth depends on the quality factor of the 
cantilever. Bandwidth is inversely proportional to the 
the quality factor (dashed line, Q0 = 200 versus solid 

to the cantilever tip. Moreover, this tensile force is 
controlled by the Coulomb interaction between the 
charges induced at the cantilever tip and the anode. 
This implies that the resonant frequency ω0 can be 
tuned with the bias voltage Vext. Consequently, the 
relative phase ϕ can be controlled with Vext.

2. 2  �Design of an antenna array based on the 
proposed phase shifter

Figure 2 shows a linear array of electromagnetic 
(EM) wave detectors based on nanomechanical 
resonators.(16) N elements are linearly placed at  
a uniform spacing D along the u axis. These elements 
are composed of multiple CNT cantilevers, which 
are singly clamped on the cathode. A current detector 
and bias voltage source is placed between the anode 
and the cathode. G is a gap length between the anode 
and the CNT tip. When a radio wave of electric field 
intensity Ei is applied at an angle θ, it exerts a Coulomb 
force on the CNT tips due to the interaction between the  
electric field Ei cosθ exp(jωt) and induced charges q.  
This causes a mechanical vibration of the CNT tips, 
where the amplitude of the variation is a function of 
the electric field Ei exp(jωt). As discussed in Sec. 2.1, 
this vibration can be measured in terms of an output 
signal sn (n = 1, ···, N) generated at the current detector. 
Throughout the band pass filter (BPF), signals sb,n are 
combined, and eventually signal sao is observed at  

Fig. 2	 Schematic of the linear array of EM wave detectors 
based on the CNT mechanical resonator.
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line, Q0 = 700). However, there is a tradeoff between 
the bandwidth and the field emission current. This can 
be verified from Fig. 4(b), where it is observed that 
the ac field emission current is linearly proportional 
to the quality factor. It is important to note that the 
current cannot be measured for small quality factors 
due to negligible vibration of the cantilever. Therefore, 
output amplification, i.e. a suitable gain g, is necessary 
to increase the output signal strength. 

3. 2  Angular sensitivity of the antenna array

Figures 5(a) and 6(a) show the array factor A and the 
angular sensitivity P in the uv plane, where appropriate 

Fig. 3	 Tunability of the relative phase ϕ. The spring constant 
is plotted in the inset. The parameters considered 
are as follows: the permittivity of free space  
ɛ0 = 8.854 × 10−12 F/m, Vdc/ξ = 0.2 mV, Vac/ξ = 0.2 mV,  
d = 1 μm, ω0/(2π) = 90 MHz, Q0 = 700, S = 1 nm2, 
the gap length between the anode and the CNT tip 
G = 50 nm, ρ = 2160 kg/m3, outer radius do = 5 nm, 
inner radius di = 3.5 nm, E = 1 TPa and L = 800 nm.
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Fig. 4	 (a) Normalized amplitude of response (solid line: 
Q0 = 700, dashed line: Q0 = 200). The amplitude 
is normalized by h0, which is the response at 
the resonance frequency ω0/(2π) = 90 MHz.  
(b) Amplitude of AC current Iac. The remaining 
parameters are same as in Fig. 3.
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Fig. 5	 (a) Angular sensitivity and (b) geometrical 
properties (circles: gap length G, cross symbols: 
resonant frequency ω0) in a setup that allows 
combination the radio waves with equal amplitudes 
and phases from θ = 30°. Here, ε0 = 8.854 × 10−12 F/m,  
Vext = 150 V, CNT radius ρ = 15 nm, Ei = 70 V/m,  
m = 1.5 × 10−19g, h = 200 nm, ω0 = 80 MHz, Q0 = 2500,  
S = π × 10−18 m2, D = 0.9 m, M = 100 and N = 9.  
The amplitude a (circles) and phase rotation Ψ 
(crosses) of the array factor are plotted in the inset. 
The amplitude of the array factor is normalized by 
I0 = 0.4 mA.
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and θ = −45° are combined with equal amplitudes and 
phases according to the weights shown in the inset of 
Figs. 5(b) and 6(b), an = 1 and Ψn = −2ξn. Further, we 
emphasize that such an array factor is determined by 
the mechanical properties of the EM wave detectors, 
i.e., the gap length G and the resonant frequency ω0, 
as shown in Figs. 5(b) and 6(b). This is fundamentally 
different from the conventional analog array antennas 
where the array factor design requires additional 
microwave components such as gain controllers and 
phase shifters. 

4. Conclusion

We have proposed a phase shifter based on  
a nanomechanical resonator, which utilizes the current 
emitted from the cantilever tip. This is complemented 
by an analytical model that provides useful insights 
into the detailed mechanism of the phase shifter. This 
model harnesses the effect of the tensile force on the 
cantilever tip and the relative phase of the vibration.  
A significant outcome is that the relative phase ranging 
from −90° to +90° can be achieved by varying the bias 
voltage. Further, we demonstrate that the quality factor 
plays a pivotal role in the bandwidth of the phase 
shifter. Furthermore, we have developed an antenna 
array of EM wave detectors, comprising CNT-based 
nanomechanical resonators. Notably, the array factor 
is designed by tuning the mechanical properties, i.e., 
resonant frequency of the cantilever and gap length 
between the anode and CNT tip. This indicates that 
CNT-based EM wave detectors can tune the array 
factor without additional electrical components such as 
phase shifters and gain controllers, which is a crucial 
requirement in the conventional array antennas. 
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values of G and ω0 are selected for each element, 
which are shown in Figs. 5(b) and 6(b), respectively. 
It is evident that the array factor (defined in Eq. (3a)) 
is steered to θ = 30° and θ = −45° (blue dashed lines) 
depending on the mechanical properties of the CNT 
cantilever. In addition, P is maximized at θ = 29.7° 
and θ = −42.3° (pink solid lines). The variation of the 
element pattern K (green dotted line) indicates that 
an appropriately designed linear array facilitates the 
spatial filtering of the radio wave. 

It is important to note that the proposed linear array 
design of CNT-based EM wave detectors facilitates 
angular sensitivity as well, i.e., the signals can be 
combined with the array factor as the weighing 
coefficients as expressed in Eqs. (3a)-(3c). For example, 
in Figs. 5(a) and 6(a), the signals arriving at θ = 30° 

Fig. 6	 (a) Angular sensitivity and (b) geometrical  
properties (circles: gap length G, cross symbols: 
resonant frequency ω0) in a setup that allows 
combination of the radio waves with equal 
amplitudes and phases from θ = −45°. The 
amplitude a (circles) and phase rotation Ψ (crosses) 
of the array factor are plotted in the inset. The 
remaining parameters (apart from G and ω0) are 
same as in Fig. 5.
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