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For predicting the mechanical performance of products made of discontinuous  
fiber-reinforced thermoplastics, it is necessary to simulate the dynamic behavior of fibers during the molding 
process and predict the resulting fiber orientations, lengths, and dispersions within the product. For this 
purpose, this study develops an efficient simulation model for fiber motion in viscous shear flow based on the 
conventional model, in which a fiber is represented as a chain of connected spheres. The computational cost 
of the conventional model is significantly reduced by simplifying the equation of motion and reducing the 
number of spheres in the fiber model. In addition, a theoretically derived correction procedure is adopted 
to reproduce the results of the conventional model. The improved model is verified to be effective by  
a comparison with the conventional model and then applied to simulate fiber orientation in injection 
molding. Furthermore, the fiber length reduction in simple shear flow is simulated by implementing fiber 
breakage in the improved model. The simulations show that the improved model can be used to efficiently 
explore microscopic fiber behavior during the molding process. Since this behavior has not been clarified 
well, its simulation will be useful for improving the molding process to obtain better products.

 Discontinuous Fiber-reinforced Plastics, Injection Molding, Numerical Modeling, 
Fiber Suspension, Microstructure

and correlated to product quality.
Numerical simulations can provide useful information 

for process improvement. Typically, a mold-filling  
simulation is first performed to predict the distributions 
of fiber orientation and length within the product, 
followed by a mechanical simulation to calculate 
mechanical performance based on the predicted 
fiber distributions. In general, the fiber orientation 
distribution is predicted by solving an evolution 
equation of the second-order orientation tensor(1) at 
each position in the mold. Fiber orientation models are 
typically constructed based on Jeffery’s equation,(2) 
which gives an analytical solution of the motion of 
a rigid ellipsoidal particle in viscous shear flow. For 
short fiber composites, the Folgar-Tucker model,(3) 
which includes an isotropic rotary diffusion term to 
phenomenologically express the effect of fiber-fiber 
interactions, is widely used. For enhancing prediction 
accuracy and addressing long fiber composites, 
various improvements have been made, such as the 
incorporation of slow orientation(4) and anisotropic 
rotary diffusion.(5,6) The fiber length distribution 

1. Introduction

Fiber-reinforced plastics are widely applied in 
automotive components as a lightweight material. 
For the mass production of components with 
complex geometry, discontinuous fiber-reinforced 
thermoplastics (FRTPs) are suitable because of their 
higher formability. Products made of discontinuous 
FRTPs are generally manufactured by injection or 
compression molding, in which the fibers experience 
forces due to interactions with the polymer flow, other 
fibers, and mold walls. These interactions result in  
an orientation distribution, deformation, and breakage 
of the fibers in the molded product. Because these 
factors strongly affect the warpage and mechanical 
performance of the product, it is desirable to control 
fiber behavior in the molding process by optimizing 
the molding conditions and mold design. However, 
because of the difficulty of experimentally observing 
fibers during and after molding, the molding process 
is improved by trial and error without understanding 
how the fibers are affected by the molding parameters 
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is predicted by calculating the time evolution of 
populations for each discretized fiber length while 
conserving the total fiber length.(7,8) In these models, 
fiber breakage is judged to have occurred when the 
hydrodynamic force applied to the fiber exceeds the 
threshold and the buckling criterion is satisfied. These 
prediction models for fiber orientations and lengths 
have been implemented in commercial molding 
simulation software and applied to practical use. 
Although these models provide macroscopic quantities 
such as the fiber orientation tensor and the average 
fiber length throughout the whole molded product, 
they require some empirical model parameters, whose 
optimal values are generally difficult to obtain. In 
addition, the microscopic behavior of fiber orientation 
and breakage cannot be obtained using these models.

A particle-level simulation, which solves for the 
motion of individual fibers, can be used to identify the 
simulation parameters and improve the accuracy of 
the above-mentioned macroscopic prediction models. 
Furthermore, particle-level simulation enables us to 
understand the mechanism of fiber behavior in detail. 
Various particle-level simulation models have been 
proposed.(9-14) A fiber is modeled as a chain of connected 
components, such as spheres, rods, and spheroids, and 
fiber motion is computed by solving the equation of 
motion for each component. For example, Yamamoto 
and Matsuoka(9) developed a bead-chain model and 
applied it to simulate the suspension rheology(15) and 
fiber breakage phenomenon in simple shear flow.(16) 
Recently, as an application to a more practical molding 
process, a simulation of fiber dispersion behavior 
in a ribbed plate during compression molding using  
a mechanistic fiber model has been reported.(17) 

However, simulating concentrated fiber suspensions  
using particle-level simulation models is still challenging 
because the models require a high computation  
time. Hence, the present study aims to establish  
an efficient particle-level simulation model. To this 
end, we improve the conventional bead-chain model 
by applying the following two steps. First, the equation 
of motion for each sphere is simplified (referred to as 
the simplified model). Second, the simplified model is 
further improved by reducing the number of spheres 
needed to model the fiber (the reduced model). Each 
step includes modifications for reproducing the 
results obtained using the conventional bead-chain 
model. To examine the validity of these improved 
models, fiber motion in simple shear flow is simulated. 

Furthermore, the reduced model is applied to simulate 
fiber orientation in injection molding to investigate 
its applicability to complex flow fields. Finally, an 
application of the reduced model to fiber breakage 
simulation is briefly described.

2. Simulation Method

2. 1  Conventional Model

In the conventional model,(9) a fiber is modeled as  
a chain of interconnected spheres, as shown in  
Fig. 1(a). The following equations are solved for each 
sphere.

, (1)

,

 (2)

where i is the sphere number, j denotes the sphere 
connected to sphere i, n denotes the sphere not 
connected to sphere i, m is the mass of the sphere, a is 
the sphere radius, vi is the velocity of sphere i,  is the 
angular velocity of sphere i,  is the hydrodynamic 
force,  is the stretching force,  is the shear force,  

 is the particle-particle (fiber-fiber) interaction 
force,  is the hydrodynamic torque,  is the 
bending torque,  is the twisting torque, and  is  
the unit vector from sphere i to sphere j. In addition, 

Fig. 1 Fiber modeling using interconnected spheres.  
(a) Conventional and simplified models, in which 
the number of spheres is equal to the fiber aspect 
ratio. (b) Reduced model, in which the fiber is 
discretized with fewer spheres.

(a) (b)
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the following equation needs to be solved to satisfy the 
no-slip condition between connected spheres.

. (3)

To solve these equations, the forces and the torques that 
exclude the terms of the shear force are first calculated. 
The shear force is then computed by solving the 
simultaneous linear equation obtained by substituting 
Eqs. (1) and (2) into an equation derived by taking 
the time derivative of Eq. (3). Finally, the position 
and orientation angle of the sphere are obtained using 
the velocity and angular velocity calculated using  
Eqs. (1) and (2). 

Although the conventional model can represent fiber 
motion in detail, one needs to solve the simultaneous 
linear equation for the shear force and calculate both 
the position and orientation angle of each sphere. 
This makes the calculation of even short fibers 
computationally intensive. Moreover, when modeling 
a fiber with aspect ratio rf, the number of spheres 
required to model the fiber is rf (when rf is an integer). 
Therefore, the simulation of long fiber suspensions 
significantly increases the computation time. 

2. 2  Model Improvements

We propose an efficient model that is based on the 
conventional model and can reproduce its results. 
The procedure for the model improvement is briefly 
described below. The details can be found in our 
previous reports.(18-20)

2. 2. 1  Simplified Model

In the simplified model,(18) the effects of the bending 
and hydrodynamic torques, which are considered in 
Eq. (2), are included in Eq. (1) as additional terms. 
Torsional motion is neglected in this model, which 
is a reasonable assumption (see Sec. 3.2). With this 
simplification, we only need to solve the equation of 
translational motion and calculate the resulting sphere 
positions; the calculation of the sphere orientation angles 
is not necessary, which enhances both computational  
efficiency and numerical stability. The resulting 
equation of translational motion is given as 

, (4)

where  and  are the forces converted from the 
bending and hydrodynamic torques, respectively. In 
this model, the bending torque at each position within 
the fiber is calculated using the flexural rigidity and 
radius of curvature of the fiber. The angular velocity of 
the spheres is required for calculating the hydrodynamic 
torque, but it cannot be directly obtained because the 
simplified model does not solve the equation of rotational 
motion, unlike the conventional model (Eq. (2)).  
Therefore, the angular velocity is approximated using 
the following equation.

, (5)

where  is the vector from sphere i to sphere j. This 
equation is derived by combining Eq. (3) and the 
assumption that the twisting motion of the sphere 
can be ignored. By calculating the right-hand side of  
Eq. (5), we obtain the average angular velocity of 
spheres i and j.

2. 2. 2  Reduced Model

The simplified model, which uses rf spheres for 
modeling a fiber with aspect ratio rf, is further 
modified(19) to discretize the fiber with fewer spheres, 
as shown in Fig. 1(b). For convenience, the term 
“segment” is used to describe the discretization of 
the fiber. A segment consists of two spheres and one 
massless rod connecting the spheres. For example, the 
number of segments Nseg of the fiber in Fig. 1(b) is 5.

A fiber with fewer spheres, referred to as a reduced 
fiber, does not show the same motion as a fiber 
modeled with rf spheres because of the differences in 
mass, moment of inertia, and total force and torque 
applied to the fiber.(19) Hence, we introduce correction 
factors for the forces exerted on the spheres to reduce 
the numerical errors caused by these differences. 
For deriving the correction factors, we first consider  
a fiber modeled with rf spheres that has the same shape 
as that of the reduced fiber. This fiber is referred to as 
an unreduced fiber. We then construct the equations 
of translational and rotational motions for the 
reduced and unreduced fibers. In this step, because 
the unreduced fiber has spheres not included in the 
reduced fiber, the forces on these spheres need to be 
calculated. This calculation is performed only for the 
hydrodynamic force because the hydrodynamic force 
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to  = 100 s−1 and η = 100 Pa·s, respectively. The 
fiber was initially oriented in the flow direction and 
thus exhibited in-plane rotation. Figure 2 shows the 
period of rotation as a function of the fiber aspect ratio 
calculated using the conventional model and the two 
proposed models. Nseg = 1 was used for the calculation 
with the reduced model. The vertical axis represents 
the dimensionless period of rotation, defined as the 
product of the period of rotation T and the shear rate 

. The conventional model predicts a linear increase 
in the period of rotation as the aspect ratio increases, 
which is well traced by the proposed models. Here, 
although Nseg = 1 is employed for the reduced model 
in Fig. 2, an arbitrary number of segments, in the 
range of 1 ≤ Nseg ≤ rf − 1, can be used in the model. We 
investigated the effect of the number of segments on 
the rotation period of a fiber with rf = 100 and found 
that the relative errors between the simplified and 
reduced models were smaller than 0.001% for various 
Nseg.

In these calculations, the computational efficiency 
of the simplified model compared to that of the 
conventional model increases in proportion to the 
aspect ratio rf; the simplified model was ten times faster 
for rf = 100. A comparison between the simplified and 
reduced models is shown in Fig. 3, which plots the 
speed-up ratio of the reduced model compared to the 
simplified model for rf = 100 as a function of the number 
of segments. Reducing the number of segments in the 
fiber greatly enhances the computational efficiency 

is distributed along the segment and has a non-zero 
value, whereas the other forces in Eq. (4) cancel out 
or are regarded to be zero. The hydrodynamic forces 
on the spheres in the unreduced fiber are calculated 
by linearly interpolating the forces on the spheres in 
the reduced fiber. Finally, the correction factors are 
determined so that the equations for these two fibers 
become equivalent. Because of the difference in the 
above-mentioned calculation process of forces when 
constructing the equations of motion, the correction 
factor for a force depends on whether the force is 
distributed along the segment.

The equation of motion for sphere i in the reduced 
model is given by

,

 (6)

where  is the unit vector from the mass center of the 
fiber to sphere i, , , , and  are the correction 
factors, and  and  are the forces, obtained as

, (7)

. (8)

The superscripts ND and D denote “non-distributed” 
and “distributed”, respectively (see derivation 
process above). The calculation procedure for the  
particle-particle (fiber-fiber) interaction force  is 
as follows. The interaction force in the reduced model 
is calculated by considering the interaction between 
segments, in contrast to the sphere-sphere interactions 
in the simplified model. Hence, the interaction force 
between segments is and ns is first calculated. With 
segment is composed of spheres i and j, the interaction 
force applied to segment is from segment ns is 
distributed to both spheres i and j.

3. Results and Discussion

3. 1  Motion of Single Fiber in Simple Shear Flow

The period of rotation of a rigid fiber with radius 
a = 5 μm subjected to simple shear flow was first 
investigated. The shear rate and viscosity were set 

Fig. 2 Period of rotation of the fiber as a function of 
the fiber aspect ratio simulated by conventional, 
simplified, and reduced models.
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3. 2   Orientation Behavior of Fiber Suspensions in 
Simple Shear Flow

Fiber suspensions in simple shear flow were 
simulated considering fiber-fiber interactions. The 
calculation was performed in a cubic computational 
domain, where the top and bottom planes in the z 
direction were moving walls and periodic boundary 
conditions were employed in the x and y directions. 
The fiber radius, shear rate, and viscosity of fluid were 
same as those in the previous section. 

of the reduced model. Provided that the fiber is rigid, 
the number of segments can be reduced to Nseg = 1 
for maximum efficiency. These results reveal that the 
proposed models can reproduce the motion of a rigid 
fiber calculated using the conventional model with 
much lower computation time.

Next, the motion of a single flexible fiber in simple 
shear flow was examined. The flexibility of the fiber 
was varied by changing the Young’s modulus of the 
fiber Ef. Figure 4 shows snapshots of the flexible 
fiber with Ef = 0.1 GPa, and plots the trajectories 
of the sphere located at the end of the fiber with  
Ef = 0.1 and 0.02 GPa calculated using the conventional 
and simplified models. The snapshots show the fiber 
deformation observed at the time marked with red 
circles on the trajectory. In simple shear flow, a flexible 
fiber, which has an intrinsically straight shape, exhibits 
S-shaped deformation, as shown in Fig. 4. A decrease 
in Young’s modulus leads to larger fiber deformation, 
resulting in a different trajectory. The simplified model 
well reproduces the trajectories simulated using the 
conventional model, which verifies that the proposed 
model is applicable to flexible fibers as well as rigid 
fibers. We also compared the motion of the flexible 
fiber (rf = 50 and Ef = 0.5 GPa) simulated using the 
simplified and reduced models (Fig. 5). The reduced 
model (Nseg = 25 and 15) well captures the fiber 
deformation and rotation predicted by the simplified 
model (Nseg = 49).

Fig. 4 Snapshot of flexible fiber motion with rf = 20 and 
Ef = 0.1 GPa (top). Trajectories of the sphere at the 
fiber end for two Young’s modulus values (bottom).
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Ef = 0.5 GPa) simulated with three different 
numbers of segments.

0.30 s

0.38 s

0.45 s

Nseg = 25

x

z

Nseg = 15Nseg = 49

Fig. 3 Ratio of calculation time for simplified model to 
that for reduced model as a function of number of 
segments.

0

10

20

30

40

50

0 20 40 60 80 100

Sp
ee

d-
up

 ra
tio

 [-
]

Number of segments Nseg [-]



https://www.tytlabs.com/review/

38

© Toyota Central R&D Labs., Inc. 2019

R&D Review of Toyota CRDL, Vol.50 No.4 (2019) 33-42

damped as the applied strain increases and the effect 
of the interactions on fiber motion becomes larger.  
A comparison of the orientation tensor components 
in Fig. 6(a) between the two models indicates that the 
simplified model produces a fiber orientation that well 
matches that obtained using the conventional model 
despite the occurrence of the complicated deformation 
shown in Fig. 6(b).

Figure 7 compares the simplified and reduced 
models in terms of the variation of the orientation 

A flexible-fiber suspension was investigated using 
the conventional and simplified models. Figure 6(a) 
shows the time evolutions of the fiber orientation 
tensor components Axx and Ayy. Figure 6(b) shows the 
microstructure of the fibers obtained at a strain of 45. 
The aspect ratio rf, Young’s modulus Ef, and volume 
fraction Vf of the fiber were set to 20, 0.1 GPa, and 
0.075, respectively. The fibers were initially randomly 
oriented and thus the orientation tensor components 
Axx and Ayy were approximately 1/3 (Azz had the same 
value). As the applied strain increases, the fibers become 
oriented in nearly the flow direction and the component 
Axx varies roughly in the range of 0.8-0.9. At the early 
stage in Fig. 6(a), the orientation tensor components 
exhibit periodic oscillation because most of fibers at 
this stage tend to rotate simultaneously because the 
fiber-fiber interactions do not sufficiently disturb the 
fiber rotation periods. The oscillation is gradually 

Fig. 6 (a) Time evolution of fiber orientation tensor 
components Axx and Ayy simulated using conventional 
and simplified models. (b) Microstructure of the 
flexible fiber suspension at strain of 45.
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Figure 9 shows the distributions of the fiber 
orientation components in the thickness direction 
obtained using the simplified and reduced models at 
the sampled location. The plots at the point near the 
walls (z = ±0.5 mm) are omitted because there were 
insufficient segments for calculating the orientation 
tensor. The orientation tensor distribution shows  
a multilayer (shell-core) structure, in which the fibers 
in the middle (core) layer are less aligned in the flow 
direction and exhibit a random in-plane orientation, 
whereas those in the shell layers surrounding the 
core layer are mainly parallel to the flow direction.  
Figure 10 shows the fibers in the sampled region of  
1.2 mm × 1.2 mm × 1.0 mm simulated using the reduced 

tensor components as a function of applied shear strain 
for three conditions, with the aspect ratio, volume 
fraction, and flexibility of fibers varied. In these 
simulations, fibers were initially oriented in the flow 
direction, unlike the case in Fig. 6. The reduced model 
(Nseg < rf − 1) well reproduces the time evolution of 
the orientation simulated using the simplified model  
(Nseg = rf − 1) for the three conditions. 

3. 3   Fiber Orientations in Injection Molding Process

The orientation behavior of fibers in the injection 
molding process was simulated using the proposed 
models and considering fiber-fiber interactions. 
We first performed a mold-filling simulation of the  
plaque-shaped mold shown in Fig. 8 using the 
commercial molding simulation software 3D TIMON 
(Toray Engineering, Tokyo, Japan) to obtain the 
time series of the velocity and viscosity fields of 
polypropylene containing 40 wt% long glass fibers. 
The injection speed was set to 10 cm3/s. The inlet and 
mold temperatures were held at 230°C and 110°C, 
respectively. Only the mold-filling stage was simulated; 
the packing and cooling stages were not calculated. 
The flow data were then used to calculate the motion 
of fibers whose radius a, aspect ratio rf, and Young’s 
modulus Ef were 10 μm, 50, and 70 GPa, respectively. 
Until the end of the mold filling, fibers oriented in  
the flow direction were generated continuously at the 
inlet to make the fiber volume fraction Vf = 0.1. After 
the simulation of fiber motion during the molding 
process, the fiber orientation tensor Aij was calculated 
at a position 95 mm downstream from the inlet (the 
region marked with dotted lines in Fig. 8).

Fig. 8 Dimensions of injection-molded plaque model. 
The fiber orientation tensor is calculated within the 
region marked with dotted lines.
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Figure 12(a) shows the weight-averaged fiber length as 
a function of time. Because the initial fiber orientation 
was set to be aligned in the flow direction in this 
calculation, most of the fibers simultaneously start to 
rotate, deform, and break, which results in a drastic 
drop in the average fiber lengths from t = 1.3 s to 1.6 s.  
The decrease rate of fiber length is much smaller after 
t = 1.6 s because as the fiber length decreases, the 
fiber stiffness becomes relatively large and the fibers 
tend to exhibit less breakage. The average fiber length 
is almost at a steady state at t = 10 s. Figure 12(b) 
shows the fiber length distribution at this time. The 
distribution has a maximum at about 0.8 mm. Note that 
the decrease rate and convergence value of the fiber 
length are affected by various factors, such as fiber 
stiffness, strength, orientation, volume fraction, and 
fluid shear stress. For example, the effect of the fiber 
volume fraction is shown in Fig. 13. It can be seen 
that an increase in the fiber volume fraction results in 

model. The segments are color-coded according to the 
angle between the x-axis and the projection of their 
direction vectors on the x-y plane. The layered structure 
of the fiber orientation can be clearly observed. The 
profile of the structure varies with the processing 
conditions and mold geometry.(21) A comparison of the 
results of the simplified and reduced models in Fig. 9 
indicates that the orientation tensors predicted by the 
two models are in good agreement, revealing that the 
reduced model works well even in a complicated flow 
field, such as that in the injection molding process.

3. 4   Application to Prediction of Fiber Length 
Degradation

The proposed models can be applied to simulate 
fiber length degradation by implementing a fiber 
breakage model.(20) To express fiber breakage, the 
connection between the spheres is removed at the 
position where the bending stress exceeds the tensile 
strength of the fiber. Moreover, statistically distributed 
tensile strengths are assigned to the segments of 
the fibers to consider the variation in fiber strength.  
Figure 11 shows snapshots of the breakage behavior 
of glass fibers in simple shear flow with  = 100 s−1 

and η = 100 Pa·s simulated using the reduced model. 
The fiber volume fraction and initial fiber length 
were 0.1 and 2 mm, respectively. As in Sec. 3.2, the 
periodic boundary condition and wall boundaries were 
employed. The fibers are color-coded according to 
their length. In Figs. 11(a)-(c), the fibers with an initial 
length of 2 mm exhibit large deformation and breakage 
due to the forces exerted by the fluid and fiber-fiber 
interactions. Using the results in Fig. 11, we calculated 
the average fiber length and fiber length distribution. 

Fig. 12 (a) Time evolution of weight-average fiber length. 
(b) Fiber length distribution at t = 10 s.
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reduction. These investigations verified the effectiveness  
of the proposed particle-level simulation model, 
which will be a useful tool for efficiently simulating 
and understanding fiber behavior in the manufacturing 
process of discontinuous fiber-reinforced plastics.
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